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THREE-DIMENSIONAL PURELY QUASI-MONOMIAL ACTIONS 


AKINARI HOSHI AND HIDETAKA KITAYAMA 


Abstract. Let G be a finite subgroup of Autfe(Ar(a;i,..., x„)) where K/k is a finite field 
extension and K(xi ,..., x^) is the rational function field with n variables over K. The action 
of G on K{xi^... ,Xn) is called quasi-monomial if it satisfies the following three conditions (i) 
cr{K) C K for any a € G] (ii) = k where is the fixed field under the action of G; (iii) 
for any a G G and 1 < j < n, o-{xj) = Cj (o’) 0"=! where Cj{a) G and [aij]i<ij<n G 
GLn{Wi). A quasi-monomial action is called purely quasi-monomial if Cj{a) = 1 for any a G G, 
any 1 < j < n. When k = K, a quasi-monomial action is called monomial. The main problem 
is that, under what situations, K{xi,... ,Xn)^ is rational (= purely transcendental) over k. 
For n = 1, the rationality problem was solved by Hoshi, Kang and Kitayama. For n = 2, the 
problem was solved by Hajja when the action is monomial, by Voskresenskii when the action 
is faithful on K and purely quasi-monomial, which is equivalent to the rationality problem of 
n-dimensional algebraic /c-tori which split over K, and by Hoshi, Kang and Kitayama when the 
action is purely quasi-monomial. For n = 3, the problem was solved by Hajja, Kang, Hoshi 
and Rikuna when the action is purely monomial, by Hoshi, Kitayama and Yamasaki when the 
action is monomial except for one case and by Kunyavskii when the action is faithful on K and 
purely quasi-monomial. In this paper, we determine the rationality when n = 3 and the action 
is purely quasi-monomial except for few cases. As an application, we will show the rationality 
of some 5-dimensional purely monomial actions which are decomposable. 
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1. Introduction 


Let /c be a field and K he & finitely generated field extension of k. K is called /c-rational 
(or rational over k) if K is pnrely transcendental over fc, i.e. K is isomorphic to k{xi,... ,Xn), 
the rational fnnction field of n variables over k for some integer n. K is called stably k- 
rational if , ym) is fc-rational for some yi,... ,ym snch that i/i,...,i/m are algebraically 

independent over K. When k is an infinite field, K is called retract fc-rational if K is the 
qnotient field of some integral domain A where k <Z A <Z K satisfying the conditions that there 
exist a polynomial ring /c[Xi,..., Xm], some non-zero element / G fc[Xi,..., X^], and /c-algebra 
morphisms (p : A —)■ /c[Xi,... ,Xm][l//], "0 : k[Xi,... ,Xm][l//] —)■ A such that -0 o (p = 1^. 
K is called fc-unirational if /c C X C k{xi,... ,Xn) for some integer n. It is not difficult to see 
that “/c-rational” ^ “stably /c-rational” “retract /c-rational” ^ “/c-unirational”. The reader is 
referred to the papers |MT861 ICTSn7| ISwa83j for surveys of the various rationality problems, 
e.g. Noether’s problem. We will restrict ourselves to consider the rationality problem of the 
fixed field K{xi,..., Xn)^ under the following special kind of actions: 


Definition 1.1 f [HKK14l Definition 1.1]). Let G be a finite subgroup of Antk{K{xi,... ,x„)). 
The action of G on K(xi,... ,Xn) is called quasi-monomial if it satisfies the following three 
conditions: 

(i) cr(X) C K for any a E G] 

(ii) = k where is the fixed field under the action of G; 

(iii) for any cr G G and 1 < J < n, 

n 

i=l 

where Cj{a) G and [o^i,j\i<i,j<n ^ GLniTk). 

A quasi-monomial action is called purely quasi-monomial if Cj{a) = 1 for any a & G, any 
1 < j < n in (iii). When k = K, a. quasi-monomial action is just called monomial. 

When G ~ Gal(X//c), i.e. G acts faithfully on K, and G acts on K{xi,... ,Xn) by purely 
quasi-monomial /c-automorphisms, the rationality problem of K{xi,... ,Xn)'^ coincides with 
that of algebraic /c-tori of dimension n which split over K (see |HKK141 Section 1]). 

For Quasi-monomial actions, the following; results are alreadv known fsee a survev |Hos a): 

Theorem 1.2 (Voskresenskii [Vos67] ). Let k be a field. All the two-dimensional algebraic k- 
tori are k-rational. In particular, K[xi,X 2 )^ is k-rational if G acts on K faithfully and on 
K{xi,X 2 ) by purely quasi-monomial k-automorphisms. 


Theorem 1.3 (Kunyavskii jKnn87] . see also Kang |Kanl21 Section 1]). Let k be a field. 
All the three-dimensional algebraic k-tori are k-rational except for the 15 cases in the list of 
[Knn871 Theorem 1]. In particular, K[xi,X 2 ,x^)^ is k-rational if G acts on K faithfully and 
on K{xi,X 2 ,x^) by purely quasi-monomial k-automorphisms except for the 15 cases. For the 
exceptional 15 cases, they are not k-rational; in fact, they are even not retract k-rational. 


Theorem 1.4 (Hajja |Haj87| ). Let k be a field and G be a finite group acting on k{xi,X 2 ) by 
monomial k-automorphisms. Then k{xi,X 2 )^ is k-rational. 

Theorem 1.5 (Hajja, Kang jHK92l lHK94j . Hoshi, Rikuna |HRn8j ). Let k be a field and G be 
a finite group acting on k{xi, X 2 , x^) by purely monomial k-automorphisms. Then k{xi, X 2 , xs)'^ 
is k-rational. 
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Let G be a finite group acting on iL(xi,..., Xn) by quasi-monomial fc-automorphisms. There 
exists a group homomorphism p^'-G^ defined by Px(o') = £ GL„(Z) for 

any a E G where [ai,j]i<i,j<n is given in (i) of Definition 11.11 

Theorem 1.6 (Hoshi, Kang, Kitayama |HKK14t Proposition 1.12]). Let k be a field and G be 
a finite group acting on K{xi,... ,Xn) by guasi-monomial k-automorphisms. Then there is a 
normal subgroup N of G satisfying the following conditions: 

(i) K{xi,..., Xn)^ = K^{yi,..., pn) where each Pi is of the form ax^fx^ ■ ■ ■ xfp with a G 
and Ci eWa (we may take a = 1 if the action is a purely quasi-monomial action); 

(ii) G/N acts on [yi^... ,yn) by quasi-monomial /c-automorphisms; 

(hi) py : G/N ^ GLni'Zi) is an injective group homomorphism. 

By Theorem 11.61 we may assume that px ■ G ^ GLnfiZf) is injective and thus G may 
be regarded as a finite subgroup of GL^fiL). The following theorem was already proved by 
Prokhorov |ProlO] when /c = C. 

Theorem 1.7 (Hoshi, Kitayama, Yamasaki |HK Y11 11 Yaml 2] ). Let k be a field with char k ^ 2 
and G be a finite subgroup of GLfih) acting on K{xi,X 2 ,xfi) by monomial k-automorphisms. 
Then k{xi,X 2 ,xfi)^ is k-rational except for the 8 cases contained in |Yaml2] and one additional 
case. For the last exceptional case, k{xi,X 2 ,xfi)^ is also k-rational except for a minor situation. 
In particular, ifk is a guadratically closed field with char k 2, then k{xi,X 2 , xfi)^ is k-rational. 

Indeed, for the exceptional 8 cases in Theorem 11.71 the necessary and sufficient condition for 
the fc-rationality of K{xi,X 2 ,X 2 )^ was given in terms of k and Cj(cr). In particular, if it is not 
^-rational, then it is not retract fc-rational (see [Yaml 2] ). 

Let (a, h)k (resp. [a, h)k) be the norm residue symbol of degree two over k when char k ^ 2 
(resp. char k = 2), see |Dra831 Chapter 11]. For dimension one (resp. two), the rationality 
problem for quasi-monomial (resp. purely quasi-monomial) actions was solved by Hoshi, Kang 
and Kitayama |HKK14] . 

Theorem 1.8 (Hoshi, Kang, Kitayama |HKK14l Proposition 1.13]). Let k be a field. 

(1) Let G be a finite group acting on K{x) by purely guasi-monomial k-automorphisms. Then 
K{x)^ is k-rational. 

(2) Let G be a finite group acting on K{x) by guasi-monomial k-automorphisms. Then K{x)^ 
is k-rational except for the following case: There is a normal subgroup N of G such that (i) 
G/N = {a) ~ C 2 , (ii) K{x)^ = k{a){ii) with = a E , a{a) = —a (if char k 7 ^ 2), and 

+ a = a E K, a{a) = a -|- 1 (if char/c = 2), (hi) a ■ y = b/y ioi some b E k^ . 

For the exceptional case, K(x)^ = k{a){y)^^^ is fc-rational if and only if the norm residue 
2 -symbol (a, b)k = 0 (if char k ^ 2), and [a, b)k = 0 (if char k = 2). 

Moreover, if K[x)^ is not fc-rational, then k is an infinite field, the Brauer group Br(fc) is 
non-trivial, and K{x)^ is not fc-unirational. 

Let Sn (resp. An, T)n, Cn) be the symmetric group (resp. the alternating group, the dihedral 
group, the cyclic group) of degree n of order n\ (resp. n\/2, 2n, n). 

Theorem 1.9 (Hoshi, Kang, Kitayama |HKK141 Theorem 1.14]). Let k be a field and G be a 
finite group acting on K{x,y) by purely guasi-monomial k-automorphisms. Define N = {a E 
G : a(x) = X, a(y) = yj, IT = {a E G : a(a) = a for all a E K}. Then K{x,y)^ is k-rational 
except possibly for the following situation: (1) char k 2 and (2) {G/N,HN/N) ~ {€^,€ 2 ) or 

(1^4, C 2 ). 

More precisely, in the exceptional situation we may choose u,v E k{x,y) satisfying that 
k{x,y)^^^^ = k{u,v) (and therefore K{x,y)^^^^ = K{u,v)) such that 
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(i) when {G/N,HN/N) ~ (^ 4 ,(^ 2 ), = k{y/a) for some a G G/N = (cr) ~ C 4 , then 

cr acts on K^{u, v) hj a : ^/a 1 —)■ —\/a, m ha n 1 —)■ —^; or 

(ii) when {G/N,HN/N) ~ (P 4 ,C 2 ), = k{y/a,^) is a biquadratic extension of k with 

a,b G k\k’^, G/N = (a, r) ~ V 4 , then a and r act on K^{u, v)hy a ■. y/a ha —y/a, \/b ha \/6, 
M HA n HA — r : \/a ha ^a, Vb ha —Vb, u ^ u, v ^ —v. 

For Case (i), K{x,y)'^ is /c-rational if and only if the norm residue 2-symbol (a, —1 )a: = 0. 
For Case (ii), K{x,y)'^ is fc-rational if and only if (a, —b)k = 0. 

Moreover, if K{x,y)^ is not fc-rational, then k is an infinite field, the Brauer group Br(fc) is 
non-trivial, and K{x,y)^ is not fc-unirational. 

The following definition gives an equivalent definition of quasi-monomial actions. This def¬ 
inition follows the approach of Saltman’s definition of twisted multiplicative actions [Sal90a 
ISalQOb] . |Kann9( Dehnition 2.2], 

Definition 1.10. Let G be a finite group. A G-lattice M is a finitely generated Z[G]-module 
which is Z-free as an abelian group, i.e. M = © i<i<n ^ • Xi with a Z[G]-module structure. 
Let K/k be a field extension such that G acts on K with = k. Consider a short exact 
sequence of Z[G]-modules a : 1 —)■ —)■ —)■ M —)■ 0 where M is a G-lattice and is 

regarded as a Z[G]-module through the G-action on K. The Z[G]-module structure (written 
multiplicatively) of may be described as follows: For each Xj G M (where 1 < j < n), take 
a pre-image Uj of Xj. As an abelian group, is the direct product of and (mi, ... ,Mn)- 
If cr G G and a ■ Xj = ^ ^ ' '^j ~ ^ for a 

unique Cj{a) G determined by the group extension a. 

Using the same idea, once a group extension cr : 1 —)■ —)■ —)■ M —)■ 0 is given, 

we may dehne a quasi-monomial action of G on the rational function held A'(a;i,... ,Xn) as 
follows: If a ■ Xj = ^ then dehne a ■ Xj = Cj{a) ^ K{xi,... ,Xn) 

and a ■ a = a{a) for a E K where a{a) is the image of a under a via the prescribed action of 
G on K. This quasi-monomial action is well-dehned (see [SaDOal page 538] for details). The 
held K{xi,... ,Xn) with such a G-action will be denoted by Ka{M) to emphasize the role of 
the extension a; its hxed held is denoted as Ka{M)^. We will say that G acts on Ka{M) by 
quasi-monomial fc-automorphisms. 

If k = K, then ka{M)^ is nothing but the hxed held associated to the monomial action. 

If the extension a splits, then we may take Ui,... ,Un G satisfying that a-Uj = ni<i<n ■ 
Hence the associated quasi-monomial action of G on K{xi,... ,Xn) becomes a purely quasi¬ 
monomial action. In this case, we will write Ka{M) and Ka{M)^ as K{M) and K{M)^ 
respectively (the subscript a is omitted because the extension a plays no important role). We 
will say that G acts on K{M) by purely quasi-monomial fc-automorphisms. Again k{M)^ is 
the hxed held associated to the purely monomial action. 

As an application of Theorem 11.91 we have the following theorems: 

Theorem 1.11 (Hoshi, Kang, Kitayama |HKK141 Theorem 1.16]). Let k be a field, G be 
a finite group and M be a G-lattice with rank^M = 4 such that G acts on k{M) by purely 
monomial k-automorphisms. If M is decomposable, i.e. M = Mi ©M 2 as W\G]-modules where 
1 < rankgMi < 3, then k{M)^ is k-rational. 

Theorem 1.12 (Hoshi, Kang, Kitayama jHKK141 Theorem 6.2]). Let k he afield, G be a finite 
group and M be a G-lattice such that G acts on k{M) by purely monomial k-automorphisms. 
Assume that (i) M = Mi © M 2 as Wi[G]-modules where rank^Mi = 3 and rankaM 2 = 2, (ii) 
either Mi or M 2 is a faithful G-lattice. Then k{M)^ is k-rational except the following situation: 
char A; 7 ^ 2, G = (a, r) ~ V 4 and Mi = 0 ;^<j <3 TiXi, M 2 = ©i<j <2 ^ 2 /j such that cr : xi tA X 2 , 
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X3 HA -Xi - X2 - X3, 1/1 HA 1/2 HA -yi, T : Xi -H- X3, X2 HA -Xi - X2 - X3, yi -(A y2 where 

the W\G]-module structure of M is written additively. For the exceptional case, k{M)^ is not 
retract k-rational. 

The aim of this paper is to investigate the rationality problem of K{xi,X2,X3)‘^ for purely 
quasi-monomial fc-automorphisms. The followings are main results of this paper. 

Note that (i) by Theorem 11.61 we may assume N = {a E G : a(xj) = Xi {i = 1,2,3)} = 1 
and hence G may be regarded as a hnite subgroup of GL 3 (Z); (ii) when H = 1 the answer to 
the rationality problem in dimension 3 was given by Kunyavskii (see Theorem 1 1.3p . 

There exist 73 hnite subgroups Gjjfc (1 < ^ < 7) contained in GL 3 {%) up to conjugation 
which are classihed into 7 crystal systems (see Section |2] for details). 

Theorem 1.13 (The groups G do not belong to the 7th crystal system in dimension 3). Let k 
he a field with char k 2 and G be a finite subgroup ofGL3{fL) acting on K{xi,X2, X3) by purely 
guasi-monomial k-automorphisms. Assume that G does not belong to the 7 th crystal system in 
dimension 3 and H = {a E G \ a{a) = a for any a E K} I, 

(1) If G does not belong to the Ath crystal system in dimension 3, i.e. G is either not a 2 -group 
or a 2-group of exponent 2, then K{xi,X2,X3)^ is k-rational; 

( 2 ) When G belongs to the 4 th crystal system in dimension 3, i.e. G is a 2 -group of exponent 
4 , G is <L^-conjugate to one of the following 8 groups: (±(T4a) — C 4 , (ct4a, —I3) ~ C 4 x C2, 
(±cr 4 A, ±Ai) ~ T> 4 , (<T 4 A, Ai, -I3) ~ T >4 X C2 whcrc 



0 

-1 

o ' 


■-1 

0 

0 ■ 

(T4A — 

1 

0 

0 

5 Al — 

0 

1 

0 


0 

0 

1 


0 

0 

-1 


and I 3 is the 3x3 identity matrix. Then K{xi,X 2 ,X 3 )^ is k-rational except possibly for the 
following cases with H = {alpfi or (al^, —I3): 

(i) The case where H = {alpfi ~ C 2 . 

(i-1) When G is Q-conjugate to (±ct 4 a), {resp. (ct 4 a,—/ s)) we may take K = k{y/a) {resp. 
= k{y/a)) on which G acts by ±(J 4 a : y/a ha —y/a, and K{xi, X 2 , X 3 )^ is k-rational if 
and only if {a,—l)k = 0 . 

(i-2) When G is Q-conjugate to (±(T 4 a, ±Ai) {resp. ((T 4 a, Ai, —J 3 )) we may take K = 
k{y/a, y/b) {resp. = k{y/a, Vb)) on which G acts by ±ct 4 a : y/a ha —y/a, y/b ha Vh, 

±Ai : yfa HA y/a, y/b ha —\/b, and K{xi,X 2 ,X 3 )^ is k-rational if and only if (a, —b)k = 0 . 

(ii) The case where H = (ct|a, —h) —C 2 x C 2 . 

(ii-1) When G is Q-conjugate to (cr 4 A,—/s), we may take K = k{y/a) on which G acts by 
a^A '■ y/a ha —y/a, and K{xi,X 2 ,X 3 )^ is k-rational if and only if {a, — 1 )^ = 0. 

(ii-2) When G is <Q,-conjugate to (a 4 A, Ai, —I3), we may take K = k{y/a, y/b) on which G acts 
by cf^a '■ y/^ t —y/a, y/b ha y/b, Ai : y/a ha y/a, y/b ha —y/b, and K{xi,X 2 , X 3 )^ is k-rational if 
and only if {a, —h)k = 0 . 

Moreover, if K{xi,X 2 ,X 3 )^ is not k-rational, then k is an infinite field, the Brauer group 
BT{k) is non-trivial, and K{xi,X 2 ,X 3 )^ is not k-unirational. 

In particular, the k-rationality of K{xi,X 2 ,X 3 )^ does not depend on the Q-conjugacy class 
of G and the sign of Fa^A and ±Ai. 

There exist 15 hnite subgroups G-rj^k (1 < j < 5,1 < fc < 3) of GL 3 {Wl) which belong to the 
7th crystal system (see Section [2]). 

Theorem 1.14 (The groups G belong to the 7th crystal system in dimension 3). Let k be a 
field with char k ^ 2 and G be a finite subgroup of GL 3 {Wj) acting on K{xi,X 2 ,X 3 ) by purely 
guasi-monomial k-automorphisms. Assume that G = Gjj^k belongs to the 7th crystal system in 
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dimension 3 and H = {a & G \ a{a) = a for any a E K} 1 . 

(1) IfG = Gyj-i (1 < j < 5 ), G7j,2 (1 < j < 5 ) or Gjj^s {j = 1,4), then K{xi, X2, x^)'^ is 
k-rational; 

( 2 ) When G = (j = 2 , 3 , 5 ), ^7^2,3 = ('^3, -^3, eras, —/a) — ^4X^2, G7^a,3 = ('^3, -^3, o'3B, —/^s) 
~ ^ 4 , G 7 , 5 ,a = (ra, Aa, (TsBy/ds, -I3) ^ 3 ^x 02 where 


T 3 = 

■ 0 1 -1 ■ 
1 0 -1 

5 A 3 — 

■ 0 -1 1 ■ 

0-10 

, CTSB — 

' 001 ' 

1 0 0 

5 /?3 — 

■ 1 0 -1 ■ 

0 1 -1 


0 0-1 


1 -1 0 


0 1 0 


0 0-1 


and I 3 is the 3x3 identity matrix. Then K{xi,X 2 ,X 3 )^ is k-rational except possibly for the 
following cases with H = (ra, A 3 ) or (ra, A 3 , ct 3 b).’ 

(i) The case where H = (ra, A 3 ) — C 2 x C 2 . We have 

K{xi,X 2 ,X 3 )^’^’^'^ = K{ui,U 2 ,U 3 )^''^^~^^\ 

K{xi,X2 ,X3 )^'^’^’^ = K{ui,U2 ,U3Y'^^^~^^\ 

K{xi,X 2 ,X 3 )^'^'^'^ = 

where K{ui,U 2 ,U 3 ) = K{xi,X 2 ,X 3 )^ and 


O'SB '■ Ui I—)■ U 2 , U 2 Wa, U 3 I—>■ Ml, 

^ —Ml + M2 + Ma Ml + M2 — M3 Ml — M2 + M3 

—P3 : Ml I—)■-, M 2 -, Ma t—)■- 

M2M3 M1M2 M1M3 

/^a : Ml H- Ml, M2 !-)■ Ma, M3 i-A M2, 

—Ml + M2 + M3 Ml — M2 + M3 Ml + M2 — M3 

—i3 i Vi\ I—)• -, U2 ’—^ -5 ^3 *—^ - 

^i2^3 ^1^3 ^1^2 

(ii) The case where H = (ra, A 3 , aae) — AI 4 . We have 

K{xi,X2,X3)^^’^’^ = K{si,S2,S3Y~^^\ 
K{xi,X 2 ,X 3 )^'^’^’^ = K{si,S 2 ,S 3 Y~^^\ 
K{xi,X 2 ,X 3 )^'^’^’^ = K{si,S 2 ,S 3 Y^^~^^^ 


where K[si, S2, S3) = K(xi,X2, Xs)^ and 

^ 1 + 3s? —1 — 6s? — 9sf + 2 s 2 + 10s?S2 + 4sfs2 — si — 3s?S2 

-/?3 : Si ^ Si, S2 ^ S3 ^ ^^- 


S 2 


S2S3 


/^a : Si HA —Si, S2 HA S2, S3 HA S3, 


2„2 


^ 1 + 3s? —1 — 6s? — 9sf + 2 s2 + 10s?S2 + 4s?S2 — si — Ssiso 

-I3 : Si HA -Si, S2 HA -, S3 HA - 


S 2 


S 2 S 3 


We do not know the rationality of K{xi,X 2 ,X 3 )^ in Theorem 11.141 (2) (i) with hf ~ C 2 x € 2 - 
For the case (2) (ii) of Theorem 11.141 with H ~ ^ 4 , we will give the following partial result. It 
turns out that the hxed held K{xi,X 2 ,X 3 )^ has a conic bundle structure. 


Proposition 1.15. Let k be a field with char k ^ 2 and G = G 7 j ^3 {j = 2,3,5). Assume that 
H = {a E G \ a{a) = a for any a E K} = (ra, A 3 , ( 733 ) — AI 4 . 

(1) G = Gt^ 2,3 = {H^— 13 ). There exist Wi,W 2 ,W 3 E K{xi,X 2 ,X 3 )^ such that K{xi,X 2 ,X 3 )^ = 
K{wi,W 2 ,W 3 ) and 

-I3 : Wi HA Mil, W2 HA -W2, 

tai(l + tCi + wl)‘^ — (2 + 3tai + Awf + 2wf)wl + {wi + 2)wl 
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In particular, we have K{xi,X2, x^)^ = k{X, Y, Wi, W2) where K = k{\/b) and 

- bY'^ = Wi{l + Wi + - 6(2 + 31^1 + 4 W^ + 2 W^)W 2 + b\Wi + 2)V^2^ 


(2) G = 6*7,3,3 = {H,—( 3 ^). There exist ui,U2,U3 G K{xi,X2,xz)^ such that K{xi,X2,x^)^ = 
K{ui,U2,u^) and 


-/3s : Ui HA Ml, U2 HA -U2, Us HA 


2{5-ul){ul 

Us 


ul + 1 ) 


We have K{xi,X 2 ,Xs)^ = fc(X, F, f/i, f/ 2 ) where X‘^ — dY"^ = 2(5 — (i6/|)(f/f — dU^ + 1) and 
K = k{\fd). Moreover, if '/b G k, then the following conditions are equivalent: 

(i) K{xi,X 2 ,Xs)^ is k-rational; 

(ii) K{xi,X 2 ,xs)^ is k-unirational; 

(iii) X^ — dY‘^ — 2 vq — 2m^ -|- 2 dv 2 has a non-trivial k-zero with K = k{\fd). 

In particular, if \/5, \/2 ^ k or \/5, G k, then K{xi,X 2 ,xs)^ is k-rational. 

(3) G = ^7,5,3 = {H, (3s, —Is) ■ There exist pi,p 2 ,ps G K{xi,X 2 ,Xs)^ such that K{xi,X 2 ,Xs)^ 
= K{pi,p 2 ,ps) and 


1^2. -Vl^ -Pl, V2 ^ -P2, P3 ^ -P3, 
-Is : Pi HA Pl, P 2 HA -P 2 , P3 •-> — 


5p2 _ 7^2 _ ^p2 _ p2)(3p2 + 77^2) ^ 9(^2 _ ^2)3 


P3 

In particular, we have K{xi,X2, Xs)^ = k{X, Y, Pi, P2) where K = k{-^, \/b) and 

- bY^ = -l- 5Pi - 76P| - a{Pl - bP^){3P^ + 176P|) + 9a‘^{P^ - bP^f. 


(4) For G = 6 * 7 , 2,3 = {H,—Is), we assume that \/^ G k. Then there exist ti,t2,ts G 
K[xi,X2,xs)^ such that K{xi,X2,xs)^ = K{ti,t2,ts) and 


—I3 : ti HA —ti. 


^2 t 2 . 


ts HA 


{tl + A){tl-tl + l) 

h 


In particular, if y/S, G k, then K[xi,X2,Xs)^ is k-rational. 

(5) //char k = 3 , then K{xi,X2,Xs)^ is k-rational for G = 6 * 7 ,j ,3 (/ = 2,3,5). 


As an application of Theorems 11.131 and 11.141 and Proposition 11.151 we get the following 
theorem which complements to Theorem 11.121 


Theorem 1 . 16 . Let k he a field with char k ^ 2 , G be a finite group and M he a G-lattice such 
that G acts on k{M) by purely monomial k-automorphisms. Assume that (i) M = Mi 0 M2 
as Wj[G]-modules where rank^Mi = 3 and ranksM 2 = 2, (ii) both Mi and M2 are not faithful 
G-lattices. Let A* = {cr G G | a{a) = a for any a G k{Mi)} {i = 1,2). Then k{M)^ is k- 
rational except the following situation: (G/Ai, A1A2/A1, G/A2, A1A2/A2) ~ (^7,2,3, .4.4,64, C2), 
(^7,3,3,4,4, C4, C2) und (^7,5,3,44,^4,62)- Moreover, z/char k = 3 , then k{M)^ is k-rational. 

This paper is organized as follows. In Section O we recall the classihcation of snbgronps of 
GLsifil) np to conjngation. Section |3] contains some rationality results which will be used in the 
paper. A technique of conjugacy classes move, which is described in Subsection 13.41 is useful 
and will be used in the proof of Theorems 11.131 and 11.141 to the cases of 3rd crystal system 
(II), the 4th crystal system (II) and 7th crystal system (II) in Subsections 14.11 14.21 and 15.11 
respectively. Section 0 ] contains the proof of Theorem ll.131 The proof of Theorem 11.141 is given 
in Section [5l In Section [6], the proof of Proposition 11.151 will be given. We will prove Theorem 
11.161 in Section [71 


Acknowledgment. The authors thank Ming-chang Kang for many helpful comments and 
valuable suggestions. 
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2. Notation 

Let Sn (resp. An, T^n, Cn) be the symmetric group (resp. the alternating group, the dihedral 
group, the cyclic group) of degree n of order n! (resp. n!/2, 2n, n). Let Is be the 3x3 identity 
matrix. We dehne the following matrices: 


■ 0 

-1 

0 ■ 


■ 0 

0 

1 ■ 


■ 0 

-1 

0 ■ 


0 

1 

0 

1 

-1 

0 

, craB — 

1 

0 

0 

, CT4A — 

1 

0 

0 

, CT 4 B — 

0 

1 

-1 

_ 0 

0 

1 _ 


_ 0 

1 

0 _ 


_ 0 

0 

1 _ 


_ -1 

1 

0 



■ -1 

0 

0 ■ 


■ -1 

0 

0 


0 

-1 

0 ■ 

n = 

0 

-1 

0 

) Al — 

0 

1 

0 

, /^1 — 

-1 

0 

0 


0 

0 

1 


0 

0 

-1 


0 

0 

1 



0 


1 


0 


0 

0 

1 


1 0 

0 

T2 = 

1 


0 


0 

, A2 — 

-1 

-1 - 

-1 

) (^2 — 

0 1 

0 


_ -1 


-1 


-1 _ 


1 

0 

0 


1 

1 

1 

-1 _ 


■ 0 

1 

-1 




■ 0 

-1 1 ■ 



0 

1 


T3 = 

1 

0 

-1 



A3 = 

0 

1 

0 


/93 = 

0 1 -1 



_ 0 

0 

-1 




_ 1 

1 

0 



0 

0 

1 



■ 0 

1 

0 ■ 




■ -1 

0 

0 




a = 

1 

0 

0 



-h = 

0 

-1 

0 





0 

0 

1 




0 

0 - 

-1 





There exist exactly 73 hnite subgroups contained in GL^{%) up to conjugation which are clas- 
sihed into 7 crystal systems (see |BBNWZ78| Table 1]). 


The 1st crystal system (^-reducible): 

The 2nd crystal system (^-reducible): 

^ 2 , 1,1 = ( Ai ) ~ C2 , 

f^2,2,l = (~Ai) ~ C 2 , 

1^2,3,1 = (Al, —73) ~ C2 X C2, 
The 3rd crystal system (I) (^-reducible): 
^3,1,1 = (ti, Al) ~ C2 X C2, 

7^3 ,2,1 = (b, —Al) ~ C2 X C2, 

7^3,2,3 = (~Ct)/^l) — C2 X C2, 

7 ^ 3 ,3,1 = (b, Al, —/a) ~ C2 X C2 X C2, 

The 3rd crystal system (II) (Z-irreducible, 

^3,1,3 = (t 2, A2) ~ C2 X C2, 

7 ^ 3 ,2,4 = (t 2 , — A2) —C2 X C2, 

*1^3,3,3 = {^ 2 , A2, —I^) — C2 X C2 X C2 
The 4th crystal system (I) (Z-reducible): 
^4,1,1 = (o'4a) — C 4 , 

7^4,3 ,1 = (o'4A5 —Iz) — C4 X C2, 


^1,2,1 = {-h) - C 2 . 

^2,1,2 = (-a) ^ C2, 

^2,2,2 = (a) ^ C2, 

7 ^ 2 , 3,2 = ( —«, —h) — C2 X €2- 

^ 3 , 1,2 = (ti, —a) ~ C2 X C2, 

^*3,2,2 = (Tl,a) ~ C2 X C2, 

7^3,3,2 = (ti, —a, —I3) ~ C2 X C2 X €2- 

but (Q-reducible): 

*1^3 ,1,4 = (t 3, A3) ~ C2 X C2, 

7^3,2,5 = ('^3) “Aa) ~ C2 X C2, 

, *^3,3,4 = (Ts, A3, —I3) ~ C2 X C2 X C2. 

1^4,2,1 = (~Cr4A) — f^45 

6*4,4,1 = {'^4A, Al) — 1^45 
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^4,5,1 — (<T4A, —Ai) ~ P 4 , ^4,6,1 — (—<T4A, Ai) ~ P 4 , 

^ 4 , 6,2 = ( —<T4A, —Ai) ~ P4, ^*4^^! = (CT4A, Ai, —I3) ~ P4 X C2 

The 4th crystal system (II) (Z-irreducible, but (Q-reducible): 

G^4,1,2 = {o'4b) — C 4 , 1^4, 2,2 = (—0'4b) — C 4 , 


* 1 ^ 4 , 3, 2 — (0'4B, —h) — C4 X C 21 
f^4,5,2 = (0'4B, —A3) ~ 1^4, 

*1^4,4, 2 — (o'4B5 A3) ~ 1^4, 

1^4, 6, 3 = (—0'4B5 —A3) ~ 1^4, 


*G^4,6,4 — (— 0 ' 4 B 5 A 3 ) ~ V 4 , *1^4,7, 2 — (o' 4 B 5 A 3 , —I 3 ) ^ V4 X C2 

The 5th crystal system (I) (Z-irreducible, but (Q-reducible): 

<^ 5 , 1,1 = (cr3B) ^ C 3 , (^5,2,1 = (usB, -h) ^ Ce, 


1^5,3 ,1 — (cr3B, —a) — 53 , 

1^5,5 ,1 = (c’‘3B, —a, —I 3 ) — 

1^5,4 ,1 — (<T3B, a) — S 3 , 

The 5th crystal system (II) (Z-reducible): 


^5,1,2 = ((T3a) — C 3 , 

1^5,3 ,2 = ((T3A, —a) — S 3 , 

1^5,4 ,2 = (<T3A, A) — S 3 , 

G 5 , 5,2 = {o' 3 A, —a, —I 3 ) — T> 6 , 

G5,2,2 = (<T3A, —h) — Cq, 

G5,3,3 = (<73A, —A) — S 3 , 

1^5,4,3 = (<73A,«) — A, 

1^5,5,3 = (<73A, —Aj ~h) — 

The 6 th crystal system (^-reducible): 


1 ^ 6 , 1,1 = (< 73 A 5 Ul) — Cq, 

1 ^ 6 , 3,1 = (o' 3 A, Tl, —I 3 ) — Cq X C 2 , 

1^6,5 ,1 = (0'3A, Tl, A) — T^e, 

1 ^ 6 , 6,2 = (<T3A, —Ti, —f3l) — T)q, 

G'eg,! = (o'sA, —ui) — Cq, 

1^6,4 ,1 = (<T3A, Ti, —A) — ^ 6 , 

1 ^ 6 , 6,1 = (O'SA, —Tl, A) — ^ 6 , 

^6,7,1 = ( 0 ' 3 A,Ti, —A) ~h) A- 

The 7th crystal system (I) (Q-irreducible): 


^7,1,1 = (Ul, Ai, (J3 b) — AI 4 , 

1^7,3 ,1 = (Ul, Ai, (J 3 B, —A) — A, 

G^7,5,1 = (ui, Ai, (T 3 B, A) ~h) — S 4 X € 2 - 

^ 7 , 2,1 = (ti, Ai, (J 3 B, —I 3 ) — AI 4 X C 2 , 

1^7,4 ,1 = (ti, Ai, (J3B, A) — A, 

The 7th crystal system (II) (Q-irreducible): 


1 ^ 7 , 1,2 = (t 2 , A 2 , Cr 3 B) — AI 4 , 

*f^7,3,2 = {'^ 2 , A 2 , 0 ' 3 B, —A) — A, 

*f^7,5,2 = (u25 A 2 , (T 3 B, A; ~h) — S 4 X € 2 - 

*A, 2,2 = (t 2 , A 2 , Cr 3 B, —I 3 ) — AI 4 X C 2 , 

A,4 ,2 = (U 2 , A 2 , 0'3B, A) — A, 

The 7th crystal system (III) ((Q-irreducible): 


*G^7,1,3 = ('^ 3 , A 3 , (T3b) — AI 4 , 

*1^7, 3,3 = {^3, A 3 , (T3B, —A) — A, 

*1^7,5,3 = {^3, A 3 , UsB, A) ~h) — S 4 X C 2 . 

*A,2,3 = (t'3) A 3 , (T 3 B, —I 3 ) — AI 4 X C 2 , 

*A,4,3 = (t'3, A 3 , 0'3B, A) — A, 


The 15 groups *Gij^k with marked * above are in the Kunyavskii’s list of |Kun871 Theorem 
1], i.e. the only 15 groups in GL^iTi) up to conjugation for which K{xi,X 2 ,X 3 )'^^’^’'^ are not 
retract fc-rational under the faithful action of Gij^k on K (see Theorem 11.31) . 
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3. Preliminaries 


3.1. Reduction to lower degree. 


Theorem 3.1 (Miyata |Miy71 Lemma, page 70], Ahmad, Hajja, Kang |AHK00t Theorem 
3.1]). Let L be a field, L{x) be the rational function field of one variable over L and G be a 
finite group acting on L{x). Suppose that, for any a G G, o'(L) C L and a(x) = a^x + b^ where 
Oa, ba & L and 0. Then Lixf^ = L^{f) for some polynomial f G L[x]^. 


Corollary 3.2. Let k be a field with char k ^ 2 and G be a finite subgroup of GL^fiZh) acting on 
A(xi,..., Xn) by purely guasi-monomial k-automorphisms. If G is Z-reducible of {n — 1, l)-type 
and K{xi,... ,Xn-i)^ is k-rational, then K{xi,... ,Xn)^ is k-rational. 


Proof. Put = {xn — l)/(x„ + 1) and apply Theorem 13.1[ 


□ 


The following lemmas are a restatement of Hilbert 90 (see also |Miy71 


Lemma, page 70]). 


Theorem 3.3 (Endo, Miyata |EM73] Proposition 1.1]). Let L/k be a finite Galois extension 
of fields with Galois group G which acts on L{xi,... ,Xn) by k-automorphisms. Suppose that 
for any a E G, 

n 

a{axi) = a{a) ''^^aij{a)xj, a,aij{a) G L. 

i=i 


Then L{xi ,..., Xn)^ is k-rational. 


Theorem 3.4 (Hajja, Kang |HK95l Theorem 1]). Let L be a field and G be a finite group 
acting on L{xi ,..., Xn). Suppose that 

(i) <j{L) C L for any a G G; 

(ii) the restriction of the actions of G to L is faithful; 

(hi) for any a E G, 


( a{xi) ^ 


f Xi ^ 


= 


\ y 


\ Xn / 


B{a) 


where A{a) E GLn{L) and B{a) is an n x 1 matrix over L. Then there exist zi,...,Zn E 
L(xi,..., Xn) such that L{xi,... ,Xn) = L{zi,..., Zn) with a{zi) = Zi for any a E G and 
1 < i < n. 


3.2. Explicit transcendental bases. 


Lemma 3.5 (Hashimoto, Hoshi, Rikuna [HHR081 page 1176], Hoshi, Kang, Kitayama [HKK141 
Lemma 3.3], see also |HKYlll Lemma 3.4]). Let k be a field and r act on k{x\,X 2 ) by k- 
automorphisms 

1 1 

r : Xi I—)■ —, X2 t—)■ —. 

Xi X 2 

Then k{xi, X 2 )^'^'^ = k{ti,t 2 ) where 


_ XiX2 +1 
Xi + X2 


if char fc Y 2, 
^/charfc = 2. 


Lemma 3.6 (Hajja, Kang |HK94 
—I 2 act on k{xi,X 2 ) by 


Lemma 2.7], |Kan04[ Theorem 2.4]). Let k be a field and 


T « ^ ; X 

—12 ■ Xi I —y —, X2 I —y —, a E k 
Xi X 2 
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where b = c{xi + {a/xi)) + d such that c,d E k and at least one of c and d is non-zero. Then 
k{xi, X 2 Y~^^^ = k{ui,U 2 ) where 


Ml 


Xi — — 

^ Xi 


X 1 X 2 - 


ab 

XiX2 


X 2 {xl - a) 
x\x 2 — ab ’ 


U 2 



X 1 X 2 - 


ab 

XiX 2 


xi{xl — b) 
x\x 2 — ab 


Lemma 3.7 (Hoshi, Kitayama, Yamasaki |HKY11|, Theorem 3.13, Remark 3.14]). Let k be a 
field and —I 3 act on k{xi,X 2 ,xfi) by k-automorphism 

T 1 1 1 

-Is : Xi HA —, X2 HA —, X3 HA —. 

Xi X2 X3 

Then fc(xi,X 2 ,X 3 )^“^®^ = k{tifi 2 itfi} where 

_ X 1 X 2 + 1 _ X 2 X 3 + 1 _ X 3 X 1 + 1 

— -;-) h — -;-, h — -^-. 

Xi + X2 X2 + X3 X3 + Xi 

Lemma 3.8 (Masuda |Mas55j . Hoshi, Kang |HK10[ Theorem 2.2]). Let k be a field and ct 3 b 
act on /c(xi,X 2 ,X 3 ) by k-automorphism 


CL 3 B : Xi HA X2 HA X3 HA Xi. 

Then fc(xi,X 2 ,X 3 )^°'®®^ = K{si,u,v) where 


Si = Si(Xi,X2,X3) 
U = m(Xi,X2,X3) 

V = m(xi,X2,X3) : 


Xi + X2 + X3, 

X1X2 + X2x| + X3X^ — 3X1X2X3 
Xi + x| + x| — X1X2 — X2X3 — X3X1 
xfx 2 + X 2 X 3 + x|xi — 3 X 1 X 2 X 3 
xf + x| + x| — X1X2 — X2X3 — X3X1 




Lemma 3.9 (Hoshi, Kitayama, Yamasaki [HKYll] Theorem 3.16]). Let k he a field with char 
k ^ 2 and Ti, Ai act on /c(xi,X 2 ,X 3 ) by k-automorphisms defined by 

11 ,1 1 

Ti : Xi HA —, X2 HA —, X3 HA X3, Ai : Xi HA —, X2 ha X2, X3 ha —. 

Xi X2 Xi X3 


Then k{xi, X 2 , = K{ti,t 2 -,t‘i) where 


-Xi + X2 + X3 - X1X2X3 ^ _ Xi - X2 + X3 - X1X2X3 ^ _ Xi + X2 - X3 - X1X2X3 

1 - X1X2 + X2X3 - X3X1 ’ 1 - X1X2 - X2X3 + X3X1 ’ 1 + X1X2 - X2X3 - X3X1 ’ 


Lemma 3.10 (Hoshi, Kitayama, Yamasaki |HKY11[ Lemma 3.8]). Let k he a field and ^ 3 , 1,4 = 
(r 3 ,A 3 ) act on k{xi,X 2 ,xfij by 


c 

r3 : Xi HA X2 HA Xi, X3 HA - HA X3, 

X 1 X 2 X 3 

\ ^ 7 X 

A 3 : Xi HA X3 HA Xi, X2 HA - •—t X2, c E k . 

X 1 X 2 X 3 

Define w = c/{xiX 2 Xs). Then k{xi,X 2 ,X 3 )'^^’^’‘^ = k{xi, X 2 , = k{vi, 02 , 03 ) where 


Ml = 

Xi X2 - X3 - W 

C - XiX2X3(Xi + X2 - X3) 

X1X2 — X3W 

X3(c-xfxi) 

O2 = 

Xi - X2 - X3 + W 

C - XiX2X3(-Xi + X2 + X3) 

XiW — X2X3 

Xi(c — X2X3) 

V3 = 

Xi - X2 + X3 - W 

C - XiX2X3(xi - X2 + X3) 

X1X3 — X2W 

X2(c — xfx|) 
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3.3. Rationality of quadrics and conic bundles. 

Theorem 3.11 (Ohm |Ohm94[ Lemma 5.7], see also Hajja, Kang, Ohm |HK094[ Proposition 
2.1]). Let k be a field with char k 2 and K be a function field of a quadric g = oq + aix\ + 
• • • + over k, i.e. K is k-isomorphic to k[xi,... ,Xn]/{q)- Then the following conditions 
are equivalent: 

(i) ooXq + aixf + • • • + Onx"^ has a non-trivial k-zero; 

(ii) Oo + ttixl + • • • + Onxl^ has a k-zero; 

(hi) K is k-rational; 

(iv) K is k-unirational. 

Lemma 3.12. Let k be a field with char k ^ 2, K = k{\/d) be a quadratic extension of k and 
a act on K(xi,, Xn) by k-automorphisms 

a : Vd I—)■ —Vd, x* i—)■ x* (1 < i < n — 1), x„ i—)■ ^ 

Xn 

where /(xi, ..., x„_i) is a polynomial in fc[xi, ..., x„_i] . Then we have iL(xi, ..., Xn)^®"^ = 
k{X,Y,xi, ... ,x„_i) where - dY"^ = /(xi,... ,x„_i). 


Proof. Dehne 


X 








Then the assertion follows from X(xi,..., x„)^'^^ D k{X, Y,Xi,..., x„_i) and [X(xi,..., x„) : 
k{X,Y,xi,... ,Xn-i)] <2. □ 


For the rationality of quadrics and conic bundles, see |Kan07( Section 4], [Yarn] . 


3.4. Conjugacy classes move. 


For the rationality problem of K{xi, ..., x„)*^ under purely quasi-monomial actions, we may 
convert some cases into their GL„(Q)-conjugation (see also [HKYlli Section 13.2]) although 
the problem is determined up to G'L„(Z)-conjugation (a conjugate of G corresponds to just 
some base change). When the action of G on X is faithful, i.e. algebraic fc-tori case, GL„((Q)- 
conjugation corresponds to fc-isogeny (see Ono |Ono61( Section 1.3]). 

Theorem 3.13 (Kitayama [Kit 11] Theorem 2.4]). Let k be a field with char k ^ 2. Let G 
and G' be GLn{^)-conjugate subgroups of GLnifZfi which act on X(xi,... ,x„,) by purely quasi¬ 
monomial k-automorphisms, P = \pij] G GL„(Q) be an integer matrix with G' = P~^GP and 
H' = {a & G' \ a{a) = a for any a G K}. For yj = Yli=ixT’^ if = l)---)^)? Ihe induced 
purely quasi-monomial action of G on K{yi,..., yn) is the same action of G' on K{xi,..., x„) 
and H = {a E G \ a{a) = a for any a E K} where H = PH'P~^. 

We will apply Theorem 13.131 as follows. 


Lemma 3.14. Let Pi, P 2 G GLfi%) be two matrices defined by 


( 1 ) 


"1 

0 

o' 


'1 

0 

O' 

0 

1 

0 

, P 2 = 

1 

2 

0 

_1 

1 

2_ 


_1 

0 

2_ 


Let pi, P 2 and p^ be K-automorphisms on K{xi,X 2 ,xfi) defined by 


Pi : Xi !-)■ -Xi, X2 -X2, X3 HA -X3, P 2 : Xi HA -xi, X2 hA X2, X3 ha -X3, 
P3 : Xl HA Xl, X2 HA -X2, X3 HA -X3. 
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Then we have: 

(i) K{xi, X 2 , is k-rational if and only if [K{xi, X 2 , is k-rational; 

(ii) K{xi,X 2 ,xs)^^ is k-rational if and only if (^K{xi,X 2 ,xs)'^y^^’^^'^ is k-rational. 

Proof. By Theorem 13.131 we have 

K{xi,X2,x^Yp^'^ = K{yi,y2,yz), yi = xix^, y2 = X2X3, y^ = xl, 

K{xi,X2,X^Yp^'P^'^ = K{zi,Z 2,Z^), Zi=XiX2X^, Z2 = xl, Z3 = xj 

and the action of G on 1 / 2 , 1 / 3 ) (resp. K{zi, Z 2 , z^)) is the same as the action of P^^GPi 

(resp. P 2 ~^^-P 2 ) on a; 2 ,Ta). □ 

Indeed, we will take a hnite subgroup G of GL^CZ) such that G is ^-reducible and 
(resp. P 2 ^GP 2 ) < GL'^ifE) is Z-irreducible. Namely, the /c-rationality of K(xi,X 2 ,Xs)^^ 
(resp. K{xi,X2,X3)^^ for Z-irreducible Pf^GPi (resp. P2^GP2) can be reduced to the 
/c-rationality of (^K{xi, X 2 , (resp. [K{xi, X 2 , for Z-reducible G (see Subsec¬ 

tions 10 and 14.21) . We will also use this technique for the 7th crystal system (I), (II) although 
the both of G and Pf^GPi are Z-irreducible (see Subsection 15. ip . 

4. Proof of Theorem 11.131 

In this section, we will give a proof of Theorem 11.131 First, we obtain the following theorem 
by Theorem 11.91 and Corollary 13.21 

Theorem 4.1. If G is a group which belongs to the 1st crystal system, the 2nd crystal sys¬ 
tem, the 3rd crystal system (I), the 5th crystal system (II), or the 6 th crystal system, then 
K{xi,X 2 ,X 3 )‘^ under purely guasi-monomial actions of G is k-rational. 

Let P = {cr G G I cr(a) = a for any a G iC}. The remaining cases will be treated below. 

4.1. The 3rd crystal system (II). We treat the following six groups: 

Gap,3 = (t2, A2) ~ C2 X C2, ^3,1,4 = (us) A3) ~ C2 X C2; 

Gap,4 = (u 25 —^2) — C2 X C2, ^3,2,5 = (^ 3 , —A3) ~ C2 X C2, 

G 3 , 3,3 = (t2, A 2 , —I3} — C 2 X C 2 X C 2 , ^ 3 , 3,4 = (t 3 , A 3 , —I3} ZC C 2 X C 2 X €2- 

Let Pi, P 2 G GL^ifZ) be two matrices defined as in Equation ([T]). Then we may confirm that 

G3,i, 3 ~ Pi ^G3 ,i,iPi, ^3,1,4 ~ -^2 ^G'3,i,iP2, 

G3,2,4 ~ -Pi ^G3,2 ,iPi, ^3,2,5 ~ -P 2 ^G3,2,lP2, 

G3,3,3 ~ Pi ^G3,3 ,iPi, ^3,3,4 ~ -P 2 ^G3,3,iP2 

where ~ means GL 3 (Z)-conjugation. Let pi, p 2 , Pa be P-automorphisms on K{xi,X 2 ,X 3 ) 
dehned by 

Pi : Xi HA -Xi, X2 H-)- -X2, X3 HA -X 3 , P 2 : a:i HA -Xi, X2 hA X 2 , X3 ha -X 3 , 

Pa : Xi HA Xi, X2 HA -X2, X3 ha -X3 

as in Lemma [3.141 By Lemma [3.141 it suffices to consider the fc-rationality of [K{xi,X2, 2 : 3 )*^) 

and [K{xi,X 2 ,X 3 )^)^^^’^^^ for G = G 3 ,j,i {j = 1,2,3). Note that we already know that 

K{xi,X2,X3)‘^ is /c-rational by Theorem 14.11 

The actions of xi, Ai and —I3 on K{xi,X2,X3) are given by 

11 1 1 
Ti : Xi HA — , X2 HA —, Ta HA X3, Ai : Ti HA —, X2 hA X2, X3 hA — , 

Xi X2 Xi X3 
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^ 111 
-I3 : Xi I—)■ —, X2 I——, X3 I—)■ —. 

Xi X2 X3 


Case 1: G — G3 1^1 — ( ti , Ai) ~ C 2 x C 2 . 


Let 7L be a non-trivial proper normal subgroup of G. By symmetry, we have only to consider 
ff = (ti). We can take ^/a G K such that K = k{y/a) and Ai(i/a) = —i/a. Then we have 
K{xi,X 2 ,X 3 )^ = k{yi,y 2 ,y 3 ) where 


yi = 


Xi — 1 
+ 1 


y2 = 


^/a{xi - 1 ){X 2 - 1) 
(xi + l)(a;2 + 1) 


2/3 = 


\fa{x3 - 1) 

3^3 + 1 


and pi, p 2 and ps act on A;(pi, 1 / 2 , 2 / 3 ) by 

1 a a 


Pi : 2/1 '-t —, 2/2 , 2/3 , 

2/1 2/2 2/3 

1 y 2 a ayi a 

P 2 : 2/1 '-t —, 2/2 , 2/3 , P3 : 2/1 '-t 2/i, 2/2 -, P 3 —• 

2/1 2/1 2/3 2/2 2/3 

Hence the P-rationality of [K{xi,X 2 ,X 3 )^)^^^'^ and (K{xi,X 2 ,X 3 )^)^^^’^^'^ can be reduced to 
the P-rationality for three-dimensional monomial actions on A;(pi, p 2 , 2 / 3 ) of f^i,2,i — ^2 and 
<^3,1,2 ^ C 2 X C2 respectively, which has already been settled in [SalOO] and |HKY11] . They are 
both P-rational. 


Case 2: G — ^ 3 ^ 2,1 — (i"i, —Ai) ~ C 2 x € 2 - 

Because r/xs) = —Ai(a: 3 ) = 0:3 and Pii^xs) = —X 3 {i = 1,2,3), by Theorem 13.11 the k- 
rationality of (iL(a:i,X 2 ,and {^K{xi,X 2 ,X 3 )^^^^^’^^'^ can be reduced to the P-rationality 
of purely quasi-monomial actions of G on K{x\^ 0 : 2 )^^^ and 0 : 2 )^^^’^^^ They are P-rational 

for any non-trivial proper normal subgroup TT of G by Theorem 11.91 


Case 3: G — G 3 ^ 3 ^i — (ti, Ai, —I 3 ) ~ C 2 x C 2 x C 2 . 


Let if be a non-trivial proper normal subgroup of G. By symmetry, we have only to consider 
the following three cases: 


(i) (-riAi) < H. We have K{xi,X 2 ,X 3 Y = K{yi,y 2 ,y 3 ) where yi = xi + p 2 = X 2 , 

P 3 = X 3 . By Theorem 13.11 the P-rationality of [K{xi, X 2 , X 3 )^Y^^'^ and [K{xi, X 2 , 

can be reduced to the P-rationality for purely quasi-monomial actions of G on K{y 2 , ^ 3 )^^^ and 

K{y 2 ,y'iY^'^’^^'^■ They are both P-rational by Theorem 11.91 


(ii) (ti) < H. By Lemma [331 we have 0 : 2 ,a; 3 )Ti) = iL(pi,p 2 ,P 3 ) where 

a;ia;2 -f 1 a;ia;2 - 1 

2/1 =-^-, 2/2 =-, 2/3 = X 3 . 

Xi +X2 Xi- X2 

The actions of Ai, —/ 3 ,pi,p 2 and p 3 on iC(pi, p 2 , 2 / 3 ) are given by 


X 1 1 1 

Ai : Pi —, p2 !-)■ —, P3 !-)■ —, 

2/1 2/2 2/3 

Pi : 2/1 '-t -Pi, P2 -P2, P3 -P3, 
P2 : Pi P2, P2 Pi, P3 Hi -P3, 


-h ■ Pi H Pi, P2 Hi P2, P3 H —, 

P3 


P 3 : Pi H -P2, P 2 H -Pi, P 3 H -P 3 . 
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We have 1 / 2 ,= K{zi,Z 2 ,Z 3 ) where zi = yl,Z 2 = = 1 / 11 / 3 , and 

2:1 


, 1 1 
Ai : I—)■ —, Z2^ —Z2-, Zs ^ —, 

2:1 ^3 


yiy2+l' 

-Is : Zi I—)■ Zi, Z2 Z2, Z3 HA 


2:3 


Hence, by Theorem 13.11 the fc-rationality of X 2 , Xs)'^) can be rednced to the k- 

rationality for pnrely qnasi-monomial actions of (Ai, —Is) on K^zi^z^). It is fc-rational by 
Theorem 11.91 

We have 1 / 2 ,= K{wi,W 2 ,W 3 ) where wi = |^,W 2 = = 1/3 and 

Ai : Mil HA -Mil, W 2 HA -W 2 , W 3 HA —, -I 3 : Wi hA tCi, W 2 hA W 2 , W 3 hA —, 

W3 W3 

P2 = P'i '■ Wl ^ -Wl, W2 HA W2, W3 HA -W3. 

By Theorem 13.11 the fc-rationality of (^K (xi, X2, can be rednced to the fc-rationality 

for qnasi-monomial actions of (Ai, — 13 ,^ 2 ) on K{w3). It is fc-rational by Theorem 11.81 

(hi) H = {-I 3 ) ~ C 2 . We have K{xi,X 2 ,X 3 )^ = 1/1,1/2,1/3) where 


Vi = 


Xi 


2/2 = 


(ti - l)(a ;2 - 1 ) 


^Xi + iy ’ {xi + l){x2 + l)' (xi 4 -l)(a: 3 -M) 

H : 2/1 H- yi, y2 hA 1/2, 2/3 “2/3, Ai : 1/1 ha 1/1, 1/2 ha -1/2, 2/3 2/3, 

1 1 1 

Pi : 2/1 —, P2 •—t —, ps HA —, 

Vi P 2 Vs 

.1 ^ P 2 1 

P2 : Pi '-t —, P2 i-t —, ys ^ —, 

Pi Pi P 3 


(xi - l)(a;3 - 1) 


and 


p 3 -yi^ Pi, P2 H- —, P 3 HA —. 

P2 P 3 


We may take ^/a, \/h G K snch that K = k{-^, \/b) and 

Ti : \/a HA -^/a, Vb ^ Vb, 1/1 ha yi, y2 ha p 2 , P3 H- -ys, 

Ai : \/a HA ^/a \/6 HA -Vb, yi ha pi, p 2 H- -p 2 . Vs ^ Vs- 
Then p 2 , = k{zi,Z 2 ,Z 3 ) where zi = pi, 2:2 = V^P 2 , 2:3 = \/aP3, and 


16a 

Pi : 2^1 ha —, ^2 —, ^3 ha —. 

2^1 2:2 2:3 

1 2:2 a 

P2 : ^1 ha —, ^2 —, ^3 ha —. 

2:1 2:1 2:3 


62:1 02:1 

P3 : ^1 HA 2:1, ^2 •—t -, 2:3 HA -. 

2^2 2^3 


Hence the P-rationality of [K{xi, X 2 , X 3 )^)^^^'^ and (i^(a;i, 0 : 2 , can be rednced to the 

/c-rationality of three-dimensional monomial actions of Gi, 2 ,i and G 3 ,i ,3 respectively, which has 
been settled in [SalOO] and |HKY11] . They are both P-rational. 

4.2. The 4th crystal system (I), (II). We treat the following sixteen gronps: 

^4,1,1 = (<T4a) — C 4 , ^4,2,1 = {~0'4a) — C 4 , 

^4,3,1 = (C’'4A, —h) — C 4 X C 2 , ^4,4,1 = (<^4A, Ai) ~ P 4 , 

G*4,5,i = (<T4a, —Ai) ~ P 4 , <^4,6,1 = (—<T4A, Ai) ~ 1 ) 4 , 

^ 4 , 6,2 = (—Cr4A, —Ai) ~ 1^4, G^ 4 , 7,1 = (<T 4 A, Ai, —I3) ~ P4 X C2 

which are Z-redncible and belong to the 4th crystal system (I), and 

f^4,l,2 = {o'Ab) — C 4 , G4^2,2 = {—O'ab) — ^4, 
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^4,3,2 = (0'4B, —I3) — C4 X C2, 
G'4,5,2 = ( 0 ' 4 B, —A3) ~ 1^4, 

(^ 4 , 6 ,4 = (—0'4B, A 3 ) ~ T>4, 


G^4,4,2 = (0'4B, A 3 ) ~ 1 ^ 4 , 

^*4,6,3 = ( —C’'4B, —A 3 ) ~ T>4, 

Ga,7,2 = (0'4B, A 3 , —I 3 ) ~ D 4 X C 2 


which are Z-irreducible and belong to the 4th crystal system (II). 

Let Pi G GL^iWj) be a matrix defined as Equation ([I]) in Lemma [3.141 We may confirm that 


^ 4,^2 ~ Pi ^<^ 4 ^-iPi for 1 < j < 5, j = 7, 


G 


4,6,3 ~ Pi f74,6,l-Pl, ^4,6,4 ~ Pi f74,6,2-Pl 


where ~ means G'L 3 (Z)-conjugation. By Lemma [3.141 it suffices to consider the fc-rationality 
of K{xi,X 2 .,X 3 )^ and {^K{xi,X 2 ,X 3 )^Y^^'^ where 

Pl\ Xi^ -Xi,X2 •-)■ -X2,X3 !-)• -0:3 

for G = G' 4 ,j,i (1 < j < 7) and (^ 4 , 6,2 which are ^-reducible, contain ct 4 a or —(J 4 A and belong to 
the 4th crystal system (I). 

The actions of a^A, o' 4 A) Ai, —Ai, —I 3 and pi on K{xi,X 2 ,X 3 ) are given by 


1 

(T4a : Xi HG- X2, X2 t-A —, X3 i-A X3, 

Xi 

2 1 1 

cr4A : aq HA —, 2:2 ha —, X3 ha X3, 
Xi X 2 

, 1 1 
Ai : Xi HA — , X2 HA X2, X3 HA — , 
Xi X3 

fill 

Xl X2 X3 


1 1 

-(T 4 a : Xi ha —, X2 HA Xi, X3 ha —, 
a ;2 2:3 


-Ai : Xl HA Xl, X2 HA —, X3 HA X3, 

X 2 


Pi : Xl HA -Xl, X2 HA -X2, X3 HA -X3. 

The non-trivial proper normal subgroups H of each G = G 4 ,j,i (1 < j < 7) and (^ 4 , 6,2 are: 


^4,1,1 

^4,2,1 

^ 4 , 3,1 

^4,4,1 

^4,5,1 

^4,6,1 

^4,6,2 

^4,7,1 


H = {cjIa), 

H = (^4^), 

H = {±(tIa), (±cr 4 A), (-73), {<jIa, -h), 

P = ('^4a)5 (<^4A) Ai), (ct^a, 0'4aAi), (cr4A), 

P = {^Iai —Ai), {(x\ai —<74aAi), (cr4A), 

P = {^\a)i (^4A) Ai), (cT4a, —cr4AAi), ( —CT4 a), 

P (^4a) ’ (*^4A; Al) , (^4A) *^4 aAi) , ( <2'4a) , 

P = (±(X 4 a), (cr 4 A, ±Ai), ((J 4 A, ±Cr 4 AAi), (±(T 4 a), (±Cr 4 A, ±Ai), 

{— h ), (<X 4 A, — h ), (o' 4 A) Ai, — I3 ), {< xIa : c^ 4 aAi, — I3 ), (o' 4 A, — h )- 


Case 1: (ct|a) < H. 

By Lemma [3.51 we have 


P(xi,X2,X3)<'"4a) = K{yi,y2,y3) 


where 


yi = 


X 1 X 2 + 1 
Xl + X 2 ’ 


1/2 = 


X 1 X 2 - 1 
Xl - X 2 


1/3 = X3. 
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The actions of (T4 a, —cr4A, Ai, —Ai, —I3 and pi on (1/1,1/2,1/3) are given by 


1 1 

<T 4 A : 1/1 ha —, ?/2 t-A-, 1/3 i-A ?/ 3 , 

yi y2 

111 
Ai : 1/1 HA —, 1/2 HA —, 1/3 HA —, 

yi y 2 ys 

-h ■ yi H^ yi, y 2 ^ 2/2, 2/3 ha —, 

2/3 


1 11 

- 0 - 4 A :yi^—, 2/2 HA-, 2/3 HA —, 

2/1 2/2 2/3 

, 1 1 
-Ai : 2/1 HA —, 2/2 HA —, 2/3 HA 2/3, 

2/1 2/2 

Pi : 2/1 - 2 / 1 , 2/2 HA -2/2, 2/3 HA -2/3. 


Define 

2 / 2-1 2 / 1-1 1 / 3-1 

D = -^2 = -—r, ^3 = - 

2/2 + 1 1/1 + 1 2/3 + 1 

Then K{xi,X2,X3Y'^i^'> = ( 2 / 1 , 2 / 2 , 2 / 3 ) = K{zi, Z2, Z3) and the actions of ±a4A, ±Ai, —J3 and 

Pi on K[zi, Z2i z^) are given by 


±cr 4 A : Zi HA-, Z2 HA —Z21 Z3 hA ±^3, ±Ai : Zi hA —Zi, Z2 hA —Z2, Z3 hA +^3, 

^1 

—I3 : Zi 1—^ Zi, Z2 I— >■ Z2, Z3 I— )■ —Z3. 


We will consider the P-rationality of K(xi, X2, X3)‘^ = K(zi, Z2, for each H < G. 

(i) H = By Theorem 13.11 the P-rationality of K{zi, Z2, Z3)'^ is rednced to that of 

K{zi)'^ which has been settled in Theorem 11.81 

For G = G' 4 j,i = (±(T 4 a) (j = 1, 2), (resp. (^4,3,1 = (o' 4 a, —h)) we may take K = k{y/a) (resp. 
= k {^/ a )) on which G acts by ±cr4A : \/a ha —^/ a . By Theorem 11.81 (2). K { xi , X2 , X3 )'^ 
is P-rational if and only if K is P-rational if and only if (a, —1)^ = 0. 

For G = (±cr4A,±Ai), i.e. G = 6*4,4,!, 6^4,5,i, 164,6,1 or (64,6,2, (resp. (64,7,1 = (cr4A, Ai, —J3)) 
we may take K = k{^/a, y/b) (resp. = k{y/a, Vb)) on which G acts by ±cr4A : y/a ha 

—y/a, y/b HA y/b, ±Ai : y/a ha y/a, y/b ha —y/b, and K{xi,X2,X3)^ is P-rational if and only if 
ig p-rational if and only if (a, —b)k = 0. 

(ii) H = (cr|A,-/3). We have K{xi,X2,X3)^ = K{zi, Z2, Z3Y-^^'^ = K{zi,Z2,zl). 

For G = (64,3,1 = (ct4a, —63), we may take K = k{y/a) on which G acts by a^A ■ y/a ha —y/a, 
and iF(a;i, a;2, a;3)‘^ is fc-rational if and only if K is P-rational if and only if (a, —l)fc = 0. 

For G = (64,7,1 = (ct4a, Ai, —I3), we may take K = k{y/a, y/b) on which G acts by cr4A : y/a ha 
—y/a, y/b HA y/b, Ai : y/a ha y/a, y/b ha —y/b, and iF(a;i, 0:2, ^3)'^ is P-rational if and only if 
ig p-rational if and only if (a, —b)k = 0. 

(hi) H = ±Ai) or Ai, -I3). For H = {ajp^, X/, we define 

Z2 Z3 

U!i = Z 1 Z 2 , W2 = —, W3 = —. 

Zl Zi 

Then we have iF(a;i, 0 : 2 , a;3)^'^4A-^i) = K{zi, Z2, Z3)^^^'^ = K{wi, 1x2,1103) and 

W1W3 

+ CT4A : Wl HA W2, W2 HA ITl, W3 HA +-, -I3 : Wl HA ITl, W2 HA W2, W3 HA -W3. 

W2 

Hence, by Theorem 13.11 and Theorem 13.31 (or Theorem 13 . 4 |) . K{xi,X2,X3)^ is fc-rational for 
(6 = (64,4,1 = (<74A, Ai), (64,6,1 = (—c’'4A, Ai), (64,7,1 = (cr4A, Ai, —I3). 

Similarly, we see that K{xi,X2,X3)^ is P-rational when H = (a|^, —Ai) or (al^, Ai, —I3). 
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(iv) H = (ctIa, ±ct4aAi) or (ct|a, o-4aAi,-/ s). For H = (ctIa, ctiaAi), we define 

^1 + 1 Zi — 1 

U!l = - -Z3, W2 = - —Z3, Ws = Z 2 . 

Zi -1 Zi + 1 

Then we have 0:2, a;3)^”'4A-'^4AAi> ^ K{zi, Z2, = K{wi,W2,W3) and 

±(T4a = ±Ai : Wi HA =FW2, W2 ha =Fm;i, W3 ha -W3, -I3 : Wi ha -Wi, W2 hA -W2, W3 ha W3 

Hence, by Theorem 13.31 K{xi,X2,X3)'^ is fc-rational for G = G4,4,i = (c’'4a,Ai), (^4,6,2 
(~Cr4A5 ~Ai), (^4,7,1 = (c’'4A5 Ai, —I3). 

Similarly, K{xi,X2,X3)'^ is fc-rational when H = (cr|^, —a4AAi) or (J4 aAi, —I3). 


(v) H = (±cr4A) or ((T4A, —h)- For H = {(J4a), we dehne 


Wi = Zi -, W 2 = \Zl^ - 


2:1 


2:1 


2:2, W3 = Z3. 


Then we have 0:2, = iF(2;i, 2:2, = K{wi,102,103) and 


±Ai : Wi HA —Wi, W2 HA W2, W3 HA TW35 —h ■ OOi HA Wi, W2 HA W2, W3 hA —W3. 

Hence, by Theorem 13.31 K{xi,X2,X3)^ is fc-rational for G = ^4,3,1 = (c’'4a,—-^3), ^4,4,1 

(cr 4 A, Ai), 6 * 4 , 5 ,! = (o' 4 A; ~Ai), G'4j_i = (o' 4 A, Ai, —I3). 

Similarly, K[xi,X2,X3)^ is fc-rational when H = (—a4A) or (cr4A, —h)- 


(vi) H = (±(J4A, ±Ai). We have G = ^4,7,1 = (cr4A, Ai, —I3). For H = (cr4A, Ai), dehne 


Wi= \Zi 


Zl 


Z3, W2= \Zi + 


Zi 


Z 2 , W 3 = Z^. 


Then K{xi,X2,X3)^ = iF(2;i, 2:2, 2;3)64 aAi> = K{wi,W2,W3) and 

-I3 : Wi HA -Wi, W2 HA W2, W3 HA W3. 

Hence, by Theorem 13.31 K{xi,X2,X3)'^ is fc-rationah 

Similarly, K{xi,X2,X3)^ is fc-rational when H = (ct4a, —Ai) or (—ct4a,±Ai). 

By (i)-(vi), we obtained the fc-rationality criterion of K{xi,X2,X3)^. 


On the other hand, we have 


^(2/1, 2 / 2 ,2/3)^^^^ 


K 


( 2/1 

— ,2/12/3,2/12/2 
V2/3 


/ 2/1 -2/3 2/12/3 - 1 2/12/2 - l A 
V2/1 + 2/3’ 2/12/3 + 1’ 2/12/2 + 1/ 


iF(wi, W2, W3) 


where 

2/12/2 - 1 2/1 - 2/3 , 2/12/3 - 1 2/1 - 2/3 2/i2/3 - 1 

Wi = --, W2 = -^-7, W3 = - 

2/12/2 + 1 2/1 + 2/3 2/12/3 + 1 2/1 + 2/3 2/i2/3 + 1 

The actions of (T4A, Ai and —I3 on K{wi,W2,W3) are given by 

±(T 4 a : Wi HA-, W2 HA —W2, W3 HA ±103, Ai : tCi HA —Wi, W2 hA —W2, W3 hA —W3, 

Wi 

-I3 : Wi HA Wi, W2 HA W2, W3 HA -W3. 


These actions are the same as the above on K{zi, Z2, Z3). 

By Theorem 11.81 we may obtain Theorem 11.131 for the cases where {cr|^) < H. 


Case 2 \ H = {—I3) ~ €2- 
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There exist two cases: G = ^4,3,1 = (ct4a, —h) — C4 x C2, ^4,74 = ((J4A, Ai, —Ja) ~ D4 x €2- 
By Lemma [ 3.71 we have 

K{xi,X2,X:iY~^^'> = 77(1/1,1/2,1/3) 

where 

xia;2 + 1 X2X'i + 1 X'iXi + 1 

2/1 =-^-, 2/2 =-^-, 2/3 =-^-• 

Xi +X2 X2+ X3 X3 + Xi 

The actions of (T4A, Ai and pi on 77(1/1,1/2,1/3) are given by 

* 11 _ 1 1 
c^ 4A : 2/1 '-t —, 2/2 , 2/3 2/2, : 1/1 H- —, 1/2 ha —, 1/3 H- 1/3, 

2/1 2/3 2/1 2/2 

Pi : 2/1 '-t - 2 / 1 , 2/2 HA - 1 / 2 , 2/3 hA - 1/3 


where <74^ (resp. A*) stands for that the action of cr4A (resp. Ai) on 77 is faithfnl. 

By Theorem 13 .li the 7 -rationality of 77 (xi, 0:2, ^3)'^ is reduced to that of 77(1/2,2/3)^'^'''^^ and 
K{y2, 2/3) which is the rationality problem of two-dimensional algebraic tori. By Theorem 

11.21 they are both 7 -rational. 

On the other hand, we have 

^(221,2/2,2/3)^'’'^ = 77( xi ,^2,^3) 

where zi = yf, Z2 = 2/12/2, ^3 = 1/11/3. The actions of cr4A and Ai on 77 (xi, Z2, Z3) are given by 
* 1 1 Z2 1 1 Z3 

(T4A : Zi hA —, Z2 hA —, Z3 hA —, Ai : ^1 hA —, Z2 hA —, Z3 hA —. 

Zi Z3 Zi Zi Z2 Zi 

Hence the 7 -rationality of ( 77 (a;i,0:2, Ta)*^) for G = 04,34 (resp. 04,74) reduced to the 
7 -rationality of three-dimensional algebraic torus for 04,2,2 (resp. 04,6,3). By Theorem 11.31 they 
are all 7 -rational (see also Section | 2 ]). 


Case 3 : 77 = ~ C2. 


There exist two cases: O = 04,3,1 = (cr4A, —I3) — C4 x C 2 , 04,7,1 = (<744, Ai, —I3) ~ II4 x C 2 . 
We have 

77 (a:i, 7 ; 2 ,X 3 )^"‘" 4 A> = 77(1/1,1/2,1/3) 

where 


2/1 = 2/2 = X2, 1/3 = 


1 1 

Xl^ - V X2^ - 

Xi X 2 



The actions of (744, Ai, —I3 and pi on 77(1/1,1/2,1/3) are given by 

* 1 1 

(T4A : 2/1 e-)- 2 / 2 , 2/2 hA —, 2/3 h-)- 2/3, A^ : 1/1 ha —, 1/2 ha 1/2, 1/3 hA 1/3, 

2/1 2/1 

-h : 2/1 •-)■ —, 2/2 HA —, 1/3 HA 1/3, Pi : 2/1 eA -1/1, 1/2 hA -1/2, 1/3 hA 1/3 

2/1 2/2 

where alj^ (resp. A*, —I3) stands for that the action of 1744 (resp. Ai, —I3) on 77 is faithful. 

By Theorem 13 . 1 ( the 7 -rationality of 77 (a;i, X2, Ta)*^ can be reduced to that of 77 (i/i, 7/2)^°^'^^’“^®^ 
and K(yi, which is the rationality problem of two-dimensional algebraic tori. By 

Theorem 11.21 they are both 7 -rational. 

On the other hand, we have 


^(2/1, 2 / 2 , 2/3)^'’'^ = K { zi , Z 2 , Z 3 ) 
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where zi = 1/2/1/1, 2^2 = 2/1I/2, Z3 = y^. The actions of (T4 a, —h and Ai on K{z\,Z2,Z3) are 

(J4A : Zi I—>■ —, Z2 Zi, Z3 I—)■ Z3, A4 : I—)■ Z2, Z2 e-)■ Zi, Z3 1—)■ Z3, 

2^2 

— Jg . Zl I—)■ , Z2 -, Z3 HA Z3. 

Zi Z2 

By Theorem 13.11 the fc-rationality of (^K{xi,X2,X3)^)^^^'^ is reduced to the /c-rationality of 
K{zi, and K{zi, which is the rationality problem of two-dimensional 

algebraic torus. By Theorem 11.21 again, they are all fc-rational. 

4 . 3 . The 5th crystal system (I). We consider the following hve groups: 

<^5,1,1 = (o- 3 b) ^ C3, <^5,2,1 = (0-33, -I3) ^ Ce, 

<^5,3,1 = (o-sB, -a) ^ S3, 6*5,4,! = (0-33, a ) ~ ^3, 6*5,5,! = (0-33, a, -I3) ^ "Pe- 

The actions of <733, —I3, a and —a on K[xi,X2,X3) are given by 

r 1 1 1 

0-33 : Xl HA X2, X2 HA X3, X3 HA X!, -I3 : X! HA —, X2 HA —, X3 HA —, 

X! X2 X3 

111 

a : X! HA X2, X2 HA X!, X3 HA X3, —a : X! ha —, X2 ha —, X3 ha —. 

X2 X! X3 

The non-trivial proper normal subgroups H of each G = G^j^i are as follows: 

G5,!,! : none, 

Gsg,! : H = (<733), {—I3), 

^ 5 , 3,1 ■ H = (<733), 

G^ 5 , 4 ,! : H = ((733), 

G^ 5 , 5 ,! : H = (<733), {—I3), (o‘3B, a), (<733, —a), (<733, —I3). 

Case 1 : (<733) < H. 


Dehne 

^1 — - --r^ -^2 —- —r, -^3 — - 

X! -h 1 X 2 + 1 a^3 + 1 

Then the actions of <733, —I3, a and —a on i^(X!,X2,X3) are given by 

<733 : X2, X2 HA Af3, X3 HA Xl, —I3 : Xl ha — Xi, X2 ha — X2, X3 ha — X3, 

a : Xl HA X2, X2 ha Xl, X3 HA X3, —a : Xi ha —X2, X2 ha —Xi, X3 ha —X3 

and (733 acts on K trivially. It follows from Lemma 13.81 that 

K{Xi,X2,X3t^^'> = K{yi,y2,y3) 


where 


yi — Xl + X 2 + X 3 , 


XiX| + X2XI + X3X12 - 3X1X2X3 
“ Xj + X| + X| - X1X2 - X2X3 - X3X1 ’ 
Xi 2X2 + X|X3 + X|Xi - 3X1X2X3 
“ Xj + X| + X| - X1X2 - X2X3 - X3X1 ■ 
The actions of —I3, a and —a on X(1/1,1/2,1/3) are given by 


-I3 : yi HA -yi, y2 hA -j/a, 1/3 hA -2/3, 
-a : !/i HA -yi, y2 hA -y3, 1/3 ha -ya- 


« : 2/1 '-t 2/1, 2/2 1/3, 1/3 HA 1/2, 
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Define 

1^2 = Fg = yuzl_ 

2/2 + 1 yz + l 

Then, by Theorem 13.11 the fc-rationality of K{xi,X 2 ,X 3 )‘^ for each G = Gsj,! is reduced to 
that of K{Y 2 , Y^)^, which is the rationality problem of two-dimensional purely quasi-monomial 
actions. By Theorem II.91 they are all fc-rationah 


Case 2: H = (—Is) ~ C 2 . 


There exist only two cases G = (^ 5 , 2,1 = (<T 3 b,-/ s) - ^ 6 , <^ 5 , 5,1 = - ^^6- By 

Lemma [3.71 we have 

K{xi,X2,X3Y~^^'> = iL(l/i,I/2,2/3) 

where 

X 1 X 2 + 1 X 2 X 3 + 1 X 3 X 1 + 1 

2/1 =-^, 2/2 =-^-, 2/3 =-^-• 

Xi + X2 X2+ X3 X3 + Xi 

The actions of ctsb and a on 1 / 2 , 2 / 3 ) are given by 

c^sB : 2/1 '-t 2/2, 2/2 H- 1/3, 1/3 H-1/1, a* : 1/1 H- yi , 1/2 H- 2/3, 2/3 1/2. 

Since (cr 3 B) and (cr 3 B,a) act on K faithfully, the fc-rationality of K{xi,X 2 ,X 3 )^ for ^5 2,1 (resp. 
^ 5 , 5 , 1 ) is reduced to the rationality problem of three-dimensional algebraic torus corresponding 
to (^ 5 , 1,1 (resp. G 5 , 4 ,i). By Theorem 11.31 they are both fc-rational. 

5. Proof of Theorem 11.141 

We consider the following 15 groups Gjj^k (1 < J + 5, 1 < fc < 3) which belong to the 7th 
crystal system in dimension 3: 


Gtta = (ufc, Afc, <733) 
i^7,2,fc = (Ufc, Afc, (733, —I 3 ) 
i^7,3,fc = (Ufc, Afc, (73B, —(3k) 
i^7,4,fc = (Ufc, Afc, (73B,/?fc) 


~ A ~ (C2 X C2) X C3, 

~ A X C2 ^ {C2 X C2 X C2) X C3, 

~ ^4 ~ (C2 X C2) X ^ 3 , 

~ ^4 ~ (C2 X C2) X ^ 3 , 

1 ^ 7 , 5 ,A: = (Ufc, Afc, ( 73 B, ( 3 k-, —h) — ^4^ X C2 — (C2 X C2 X C2) X S3. 

The non-trivial proper normal subgroups ff of each G = Grj^k (1 < ^ < 3 ) are: 

1^7,1,^ : H = (rfc, Afc), 

G 7 , 2 ,k ■ H = (rfc, Afc), (rfc, \k, < 73 b), {—h), {xk, Aa,, —h), 

1^7,3^ : H = (rfc, Afc), (rfc, \k, (73b), 

Gjxk ■ H = (rfc, Afc), (t/c, Afc, (73 b), 

1 ^ 7 , 5 ,^ : H = (rfc, Afc), (t/c, Afc, ( 73 b), {—h), (Pfc, Aa,, —73), 

{xk, Aa;, ( 73 B, /^fc), (tA:, Aa,, ( 73 B, —/^A;), (ta, Aa,, ( 73 B, — 73 )- 

5 . 1 . The 7th crystal system (I), (II). Let Pi G (^+3(2) be the matrix dehned as Equation 
ffTl) in Lemma 13.141 Then we may conhrm that 

^7,1,2 ~ 7’r^G'7j,i7^i for each 1 < j < 5 

where ~ means GL3(Z)-conjugation. Let pi be 77 -automorphism on K{xi,X2,X3) defined by 

Pi : ail HA -Xi, X2 HA -X2, X3 HA -X3 
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as in Lemma [3.141 By Lemma 13.141 it suffices to prove the fc-rationality of K{xi,X 2 ,xz)^ and 
a; 2 , 3 : 3 )'^)for G = (^ 7,^1 (1 < j < 5) which belong to the 7th crystal system (I). 

Case 1: (ti, Ai) < H. 


The actions of ri, Ai, ctsb, —h, Pi and pi on K[x\^X 2 ,xp) are given by 


1 1 

Ti : Xi i-A —, X2 H- —, X3 H- 0:3, 
Xi X2 


O-SB : Xi l-A X2, X2 H- Xs, X3 H- Xi, 

/fi : Xi H- —, X2 ^ X3, 

X 2 Xi 


Al : Xl !-)• -, X2 X2, X3 !-)■ —, 

Xl X3 

T 1 1 1 

-Is : Xl H- — , X2 !-)■ — , X3 HA — , 
Xl X2 X3 


Pi : Xl HA -Xl, X2 HA -X2, X3 HA -X3. 


By Lemma [3.91 we have 


K{xi,X 2,X3Y^^’^^^ =K{yi,y2,y3) 


where 

-Xl + X2 + X3 - X1X2X3 Xl - X2 + X3 - X1X2X3 Xl + X2 - X3 - X1X2X3 

1 - X1X2 + X2X3 - X3X1 1 - X1X2 - X2X3 + X3X1 1 + X1X2 - X2X3 - X3X1 

The actions of (733, —I3, Pi and pi on K{yi, y2, ps) are given by 

fill 

C^SB : Pi H- P2, P2 HA P3, P3 HA Pi, -I3 : Pi HA —, pa hA —, P3 hA —, 

Pi P2 P3 

Pi:yi^ P 2 , P 2 i-A Pi, P 3 HA P 3 , Pi : Pi HA -pi, pa ha -pa, Ps ha -p 3 . 


Hence the /c-rationality of iL(xi, xa, X 3 )‘^’’’J'a is reduced to that of 77(pi, pa, Ps)^®’-’’^ By Theorem 
11.131 they are all fc-rational. 

On the other hand, we have iL(pi, pa, P 3 )^^^^ = iL(^i,^ 2 ,^ 3 ) where ; 2 i = P 2 P 3 , ^2 = P 1 P 3 , 
Z3 = pipa- The actions of ctsb, —I3 and Pi on K{zi, Z2, Z3) are the same as the actions on 
7L(pi, P 2 , P 3 ). Hence the fc-rationality of (iL(pi, pa, P 3 )'^’’’-’'’^) is reduced to the fc-rationality 
of K{zi, Z 2 , . By Theorem 11.131 again, they are all fc-rational. 


Case 2: H = {—I 3 ) ~ Ca. 


There exist two cases: G = (^7,2,1 = {n, Ai, cr 3 B, -I3) ^ A X Ca, 0 * 7 , 5 ,! = (n, Ai, cr 3 B, Pi, -I3) 
X Ca. By Lemma [3?71 we have 

K{xi,X2,X3Y~^^'> = iC(pi,p2,P3) 

where 

XiXa + 1 X2X3 + 1 X3X1 + 1 

yi = -^, 2/2 =-^- , P3 = —^—• 

The actions of ti, Ai, ctsb. Pi and pi on iC(pi,p 2 ,p 3 ) are given by 

* 11 ,*11 

H : Pi pi. Pa HA —, P3 HA —, A7 . Pi HA —, Pa ha —, P3 ha P3, 

P2 P 3 Pi P2 

o-sB : 2/1 '-t 2 / 2 , P2 H- P 3 , P 3 HA pi, P^ : pi ha pi, pa hA —, P3 ha —, 

P 3 P2 

Pi : Pi H- -pi. Pa HA -pa, P3 hA -p 3 . 

Hence the /c-rationality of iC(xi,Xa, X 3 )‘^ and (iC(xi, Xa, X 3 )'^)^^^^ for G = ^ 7 , 2,1 (resp. 07 , 5 , 1 ) 
can be reduced to the fc-rationality of three-dimensional algebraic torus for ^ 7 , 1 ,a, (resp. 0 * 7 , 4 ,^) 
with fc = 1, 2. By Theorem 11.31 they are all fc-rational. 
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5.2. The 7th crystal system (III). We treat the remaining five cases: 


7 , 1,3 = 

M 

CO 

0 ' 3 b) 


~ AI4 

^(C2 

X 

C2: 

X 

CO 

7 , 2,3 = 

= (d, As, 

0 ' 3 B, ■ 

-h) 

~ AI4 X C2 

^(C2 

X 

C2 

X C2) X C3 

7 , 3,3 = 

CO 

<< 

II 

0 ' 3 B, 

-Ps) 

~ S4 

^(C2 

X 

C2: 

) X 53, 

7 , 4,3 = 

CO 

<< 

II 

<^ 3 B,; 

83) 

~ S4 

^(C2 

X 

C2: 

) X 53, 

7 , 5,3 = 

CO 

<< 

II 

<^ 3 B,; 

83, —h) 

~ ^4 X C2 

^(C2 

X 

C2 

X C2) X 53 


The actions of Ts, A 3 , ctsb, —/Ss, /Ss and —I 3 on K{xi,X 2 ,X 3 ) are given by 


As : Xi i-A X3, X2 eA 


Ts : Xi i-A X2, X2 eA Ti, X3 i-A -, 

X 1 X 2 X 3 

(T3B : Xi HA X2, X2 HA X3, X3 HA Xi, 

1 


X3 HA Xl, 


/Ss : Xi HA Xi, X2 HA X2, X3 HA 


X 1 X 2 X 3 

-(33 : Xi HA —, X2 HA —, X3 HA X1X2X3, 
Xi X 2 

r 1 1 1 

-I3 : Xi HA — , X2 HA — , X3 HA —. 

Xi X2 X3 


X1X2X3 

We will split the problem into seven cases according to each H < Gjj ^3 
Case 1 : H = {—I3) — C2 <G = Gtj^ 3, {j = 2, 5). 

By Lemma 13.71 we have 


where 


Define 


K{xi,X2,X3Y = K{ui,U2,U3) 


X1X2 + 1 X2X3 + 1 X1X3 + 1 

Ul = — -T—> “2 = -^-, U 3 = 


Xi + X2 


X2+X3 


Ml A 1 1(2 + 1 

D = -7, V2 = -7, V3 = 


Xl + X3 

U 3 + I 


Ul — 1 112 — 1 M 3 — 1 

Then K{ui,U 2 ,U 3 ) = K{vi,V 2 ,V 3 ) and the actions of T 3 , A 3 , ctsb and —(33 on K{vi,V 2 ,V 3 ) are 

^ M1M2 + M1M3 + V2V3 + M1M2M3 M1M2 + M1M3 + V2V3 + V1V2V3 

Ts : Ml HA Ml, V2 HA- ^ 5 "^^3 H- 


M2(1 + Ml + M2 + Ms) 


M3(1 + Ml + M2 + Ms) 


, * M1M2 + M1M3 + M2M3 + M1M2M3 M1M2 + Ml M3 + V2V3 + M1M2M3 

A3 : D ^-WA- 7 - 1 —^-’ ^2 ^-7—----—^-, Ms ^ Ms, 

Mi(l + Ml + M2 + M3) M2(1 + Ml + M2 + M3) 

(JsB : Ml HA M2, M2 ha Ms, Ms ha Ml, 

M1M2 + M1M3 + M2M3 + M1M2M3 M1M2 + M1M3 + V2V3 + M1M2M3 

-( 3 ^ : Ml HA Ml, M2 ha- N -> ^3 


M3(1 +Mi + M2 +M3) 


M2(1 + Ml + M2 + M3) 


We also define 


_ _ 2m2(Mi + 1 )(Mi + M2)(Mi + Ms) _ 

(mi - M2)(2miM 2 + M1M2 + M1M2 + Ml Ms + M2M3 + 2M1M2M3) ’ 
(mi + M3)(-2m2 - M1M2 - M2 + M1M3 - M2M3) 


tl = 

h = 
ts = 


(m 2 + M3)(2Mi + M^ + M1M2 + M1M3 - M2M3) 

2Mi(m2 + 1 )(mi + M2)(m 2 + Ms) 


(Mi - M2)(2MiM 2 + MfM2 + Mim| + Mi M3 + M2M3 + 2M1M2M3) ' 

Then we may see that K{vi,V 2 ,V 3 ) = iC(ti, ^ 2 , ^s)- This may be confirmed directly as 

(tl — ts + 2)(ti + ts + 2)(ti — t2t3) 


Ml = 


M2 = 


D 

(tl — ts + 2)(ti + ts — 2)(ti — t 2 t 3 ) 

D ^ 
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Vs = 


(^2 — 1)(2 — ti — t3)(2 + ti + t3)(ti — t2^3) 


{t 2 + l)D 

where D = 4 ti — tf + 4t2ts + t\t2ts + — t2t\. We also see that 

{xiX2 + l)(a;ia;3 - l)(a;2a;3 - 1) 


ti = 

h = 
ts = 


{xi - xs){xixlxs - 1) 

(X2X3 - 1)(1 - 2xi + X1X2 + a;ia ;3 - 2X1X2X3 + a;^a; 2 a; 3 ) 
{xiX 2 - 1)(1 - 2 x 3 + X 1 X 3 + a;2a;3 - 2a;ia;2a;3 + a;ia;2a;3) ’ 
{xiX2 - 1)(xi3;3 - 1) ( 3 : 2 X 3 + 1) 

{xi - X 3 ){xixlx 3 - 1 ) 


Dehne 


, —4^2 + ^ 1^2 “ 2tlt|t3 — tg + 2tltl 

Pi /j. j. j. \9 ’ 


(tlt2 - t3)2 

Then we have K(ti,t2,t3) = K{p[,p2,p3) and 


2 _ 1 
tlt 2 — ^3 ’ ^ t 2 


rm = ri. X'M) = K. .3bW) = =i±i|±i«. -«(K) = hP|, 

P2 


pI 


Hence we put 

Pi = ^(Pi^ 

0'e((T3B,-/33> 

Then K{pi,p2,p3) = K{p[,p2,P3) = K{ti,t2,t3) and 


T 3 : Pi H- pi, p 2 H- -P 2 , P3 H- -p3, 

(2) Ag : Pi ^ Pi, P2 ^ -P2, P3 ^ P3, 

* 1 P2 

O'SB : Pi Pd P2 H- — , P3 i-A —, 

P3 P3 

-/^g : Pi I-A Pi, P2 H- -P3, P3 -P2. 

We now consider the following action of G' = (7, T 3 , A3, (T 3 B, —Ps) — (7, T 3 , A3) xi ((J 3 B, —/d 3 ) — 
(C 2 X C 2 X C 2 ) X 1 S 3 ~ C 2 i 1 S 3 on the rational function field K'{X, Y, Z) with 3 variables X,Y, Z: 


7* : X ^ -X, Y ^ -Y, Z^ -Z, 
Tg : X ^ X, Y^-Y, Z^ -Z, 

Ag : X ^ X, Y^-Y, Z^Z, 
a* 3 ^:X^ Z, Y^X, Z ^ Y, 

-p; : X ^ X, Y^-Z, Z^-Y 

where = K and C2 I S3 is the wreath product of C2 and S3. 

Dehne 

Y Z 

P, = A-.P. = -.P3 = ^. 

Then 7, T3, A3, a3B and -^s act on K{Pi, P2, P3) by 


7 

Pi 

i-A 

—Pi, P2 P2, 

P3 

^ P3, 

^3 

Pi 

i-A 

Pi, P2 

H- 

-P2, 

P3 

1 —)■ —P3 

a; 

Pi 

i-A 

Pi, P2 

I-)- 

-P2, 

P3 

'—t P3, 






1 


P2 

II'SB 

■ Pi 

H- 

P1P3, 

P2 


P 


-Ps 

■■Pi 

H- 

Pi, P2 

H- 

-P3, 

P3 

1 —)■ —P2 
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We may take K' = K(y/a) where jiy/a) = —y/a. Define P[ = Piy/a. Then we have 
K'{P,, P2, PsY^^ = K{Pi, P2, P3) and G acts on K{P{, P2, P 3 ) by 

Tg : P[ I—)■ Pg, P2 t—)■ —P2, P3 eA —P3, 
a; : P[ ^ p;, P2 ^ -P2, P3 ^ P3, 

^3B • Pi PiPs, P2 -P3 i-t 

-r 3 -fS 

-(3 ;: p; ^ p;, P2 ^ -P3, P3 ^ -P2. 

By Theorem 13.41 there exists P" G K{P{, P2, P3) such that K{P[, P2, P3) = P(P",P2,P3) 
and cr(P") = P" for any a G G. Hence the action of G on K{P", P2, P3) coincides with that on 
K{PI,P2,P3) given in ([ 2 ]). 

On the other hand, K{P", P2, P^)'^ = K'{X, Y, Z)'^' is fc-rational by Theorem 13.31 (or Theo¬ 
rem | 3 ] 1 ]). This implies that K{xi, X2, = K{pi,p2,p3)^^^ is fc-rational for G = Gy,2,3 and 

^ 7 , 5 , 3 - 

Case 2 \ H = (ts, A3) ~ C2 X C2 < G = Gyj^ 3, (j = 1 , 2 , 3 , 4 , 5 ). 

By Lemma I 3.101 we have K{xi, X2, = K{ui,U2,U3) where 

*^36 • '^ 2 ; U2 e-)- M3, M3 Ml, 

—Ml +U2 + U3 Ui + U2 — M3 Ml — M2 M3 

—P3 : Ml e-)■ -, M2 e-)- -, M3 -, 

M2M3 M1M2 M1M3 

/Sg : Ml I-)- Ml, M2 e-)- M3, M3 I-)- M2, 

„ —Ml -|- M2 -|- M3 Ml — M2 + M3 Ml -|- M2 — M3 

— Jg : Ml I—^ -, M2 I—^ -, M3 I —} -. 

U2U3 M1M3 M1M2 

(see also [HKYlll page 106 ]). For G = Gy,1,3 = (r3, A3, 0-33) and G7,4,3 = (d, A3, (T3B,/?3), h 
follows from Theorem 13.31 lor Theorem 13 . 41 ) that K{xi,X2,x^)^ is /c-rational. 

However, we do not know the rationality of K[xi,X2,xz)^ for G = G7,2,3, G7,3,3, G7,5,3. 


Case 3: H — {r^, A3, —I3) ~ C2 x C2 x C2 < G — G7,j,3, (j — 2 , 5 ). 

By Lemma 13.101 we have K{xi, X 2 , = -^(wi, 7 x 2 , M 3 ) where Mi,M 2 ,M 3 and the actions 

of (T 3 B, —/d 3 , /d 3 , —/3 on K{ui,U 2 , M 3 ) are given as in Case 2 . We see that K{xi,X 2 , = 

K{ti,t 2 ,t 3 ) where U = Ui + (—/ 3 )(Mj) (1 < i < 3). The actions of cr 3 B and on K{ti,t 2 ,t 3 ) 
are given by 

(3) <^3B • G •— t ^2, ^2 •— t ^3) ^3 ti, /?3 : fi I—)■ fi, ^2 '— t ^3) ^3 ^2- 

(see [HKYlll page 106]). By Theorem 13.31 (or Theorem 13.4p . K[xi,X 2 iX^)^ is /c-rational for 

G = G 7 , 2 , 3 , G7,5,3. 


Case 4: P — (r 3 , A 3 , (J 3 b) — * 4.4 < G — Gjj^s, (j — 2 , 3,4, 5). 


By |HK10[ page 290], there exist A,B,G G K{xi, X 2 , XsY‘^^^'^ such that K{xi, X 2 , 
= P(mi, M 2 , M 3 )^'^ 3 b> = K{A, B, G) and (3^, —I 3 act on K{A, P, G) by 


-4 + 5G - 74G2 + 27G3 
1 - 4G + 7G2 + 4G3 ’ 


B ^ 


4(1 - 4G + 7G2 + AGY 


131: A^ -4, B^-B, G ^ -G, 


G^ G, 


aP(l-42 + 44G)(l + 3G2) 
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-i; : Al ^ 


-A + 5C - rAC^ + 27C^ 
1 -AC+ 7 C^ + AC^ ’ 


B ^ 


Define 


Si — C, S2 — 


1 -AC+ 7 C^ + AC^ 


4(1 - AC + 7 C^ + AC^) 
a5 (l-A 2 + 4AC)(l + 3C2) 

2 C'(C' 2 - 1)(1 + 3 C' 2 ) 


, C^-C. 


1 + 3^2 ’ B{ 1 - AC + 7 C^ + AC^) 

Then K{A,B,C) = K(si, 82,83) and -/^s,/^3,--^3 act on 17(81,82,83) by 

—1 — 6s^ — 9sf + 2 s 2 + 10 s^S 2 + 4sfs2 — s| 

S3 I—)■- 


a* 1 4“ 3s^ 

—/Jo : Si t—>■ Si, 82 eA- -. 

S2 


3 s^S 2 


S2S3 


( 4 ) : Si I—)■ —Si, 82 eA S2, S3 I—)■ S3, 


—Jg : Si I—)■ —Si, 


S2 


1 + 3s^ 

S2 


83 I —)■ 


— 1 — 6sf — 9 sg + 2 s 2 + 10SgS2 + 4SgS2 — s| — 3SgS2 


S2S3 


When C = 6*74,3 = (hf, /ds), it follows from Theorem l 3 . 3 l (or Theorem 13 . 4 ^ that K(xi,X2,X3)^ 
= K(si,S 2 ,S 3 ) 63 > is fc-rational. 


We note that 

—(33(83) = —13(83) = — ^2(1 + 5 s^ + 2s^) — (1 + 3 sg) ^S2 H- - — 4 ^ ^ . 

We will consider the rationality for the cases of ^7,2,3, 6^74,3, ^7,5,3 in Section |6l 

Case 5 : H = {T3, A3, ct3b, —I3) — A4 x C2 < C = (67,5,3. 

From Equation ([ 3 ]) and Lemma 13 ^ iC(a:i, X2, a;3)63’'^3,o-3B-/a) = K(8i,u,v) where si = 
Si(ti,t2,t3), u = u(ti,t2,t3) and v = v(ti,t2,t3). The action of (33 on iF(si,M,r;) is given 
by 

/33 : 7 I— )■ —7, Si I— )■ si, u V, V u. 

Hence K(xi, X2, X3)^ = fc(si, m + v, 7(11 — v)) is fc-rational for C = (67,5,3. 


Case Q: H — (rg, Ag, CJgB, —I33) ~ 1S4 < (6 — (67,5,g. 


By Equation (jl]), we have K(xi, X2, X3)^ = iC(si, S2, Sg)^ on which —/ 9 g acts by 

1 + 3Sg 


—(33 : 6 e->■ —6 , Si e->■ Si, S2 eA 


S2 


Sg I—)■ 


-1 — 6sf — 9 Sg + 2 s 2 + 10SgS2 + 4SgS2 — S2 — 3 s2s2 

S2S3 


By Lemma IT^ we get K(xi,X2,X3)^ = K(ti,t2,t3) where 

^2 - ^ ^ 

ti = Si, f 2 =- ^3 = 


S 2 S 3 - 


ab 

5253 


S2S3 - 


ab 


Cl — 1 + 

5253 

2o \ A .A ^ ^2 0^2 ^2 


b = 


-1 — 6sf — 9 sf + 2 s 2 + IOSJS2 + 4sfs2 — S2 — 3sfs2 

S2 


= -A(l + 3s^) + 4s^(l + s^), 

1 + 3s^ 

A = S2 H-2. 

S2 

Then the action of /Sg on K(ti,12,13) is 

(33 ■ 1 A t —ti, t2 eA- t2, t3 I—)■ 6. 
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Hence K{xi,X2,X3)^ = k{'yti,t2,ts) is fc-rational. 

Case 7 : H = (ts, A3, ctsb, /^s) — < G = ^7,5,3- 

By Equation (jl]), K{xi,X2,X3)^ = K{ti,t2,t3) where ti = s‘f,t2 = 52,^3 = S3. Define 

1 + 3 ti , 1 + 3 ti 

Ml = -^-h t2 - 4 , U2 = - 7 - t2, M3 = 6^3. 




to. 


Then K{ti,t2,t3) = K{ui,U2,U3) and 

—Ps : 6 I—)■ — 6 , Ml I—)■ Ml, M2 e-)■ —M2, M3 I—)■ 

Define 


IOMi + 7 ul + Ml — I8M2 — 7 miM 2 — 2MiM2 + M2 

U3 


7ui + 2m? — 2m2 2m2 2m3 

5-, V2 = Ms = 

oU\ dU\ oUx 


Then i7(Mi,M2,M3) = 77 (mi,M 2,M3) and 


-/93 : 5 I-A -5, Ml l-A Ml, M2 M2, M3 HA 


-l + Mi^ -2dM| 


Ms 


where d = 6'^. By Lemma [ 3.121 we have K{xi,X2,X3)'^ = K{X,Y, vi,V2) where — dY^ = 
—1 + Ml —2dv2- Hence K{xi,X2,X3)^ = k{X Tmi,!^, M2) is fc-rationah 


6. Proof of Proposition 11.151 
We consider the three cases: 

^ 7 , 2,3 = ( 77 , —73), 6 ^ 7 , 3 ,3 = ( 77 , —/^s), Gy^ 5^3 = —I3) 

where H = {T3, X3, ctsb) ^ A4. 


Proof of Proposition 17.751 ( 1 ). 

We consider the case where G = (^7,2,3 = ( 77 , —I3) ~ AI4 x C2- 

By Equation (| 1 ]), we have K{xi, X2, X3)^ = K{si, S2, S3) and —/?3, /Ss, —I3 act on K{si, S2, S3) 


by 


1 + 3si —1 — 6si — 9sf + 2s2 + IOS 1 S 2 + 4siS2 — s? — dsiS? 

—P3 : Si ha Si, s2 hA -, S3 ha -, 

S2 S2S3 

/^g : Si HA —Si, S2 HA S2, S3 HA S3, 

1 + 3si —1 — 6si — 9sf + 2s2 + IOS 1 S 2 + 4siS2 — S 2 — ds^s^ 

-7* : Si ^ -si, S 2 ^ S3 ^ 


S2 


S2S3 


Define 


1 T 3 s^ — 2 s 2 — 2 sJs 2 T S2 
(1 + Si — S2)(l + 3 s^ — S2 — S1S2) 
si(l + 3si - S 2 ) 


ti = 
to = 
73 = 


1 + 3 sf — 2s2 — 2 sf S2 + s| ’ 

2(1 + 3 Si — 2 s2 + S 2 )s 3 

(1 + Si — S2)(l + 3 s^ — 2 s2 — 2s^S 2 + s|) 


Then K{xi,X2,X3)^ = K{si, S2, S3) = K{ti,t2,t3) because 
Si = 


l-tj + tltl 


- 1 + 47 i -ti+tm' 
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2 ( —1 + 2ti — 2 tl + t? + 2 t\t 2 — t\t 2 — t\t 2 + t\t 2 ) 

-1 + 5 ti - ht\ + ti - tit 2 + - tlt 2 + tjtl - t\tl + t\tl ’ 

__ 2 (tit 3 - tlh + t\tlh) _ 

The actions of —/Ssj/Ss, —h on K{ti,t2,tz) are given by 

2 (5 — ^2 + 8(^2 “ 1)^1 ~ (^2 “ 1)(5 ~ ^2)^1) 
-(31 : ti ^ ti, t 2 ^ -t2, h ^ ^ 

ts 

n* , . 1 , . , , . ^3 


^ ■(.(«=-1)’ "t.fe-l)’ 


— : ti I-A —-772-TT) ^2 ^2, ts 

~ -•-J 


2(5-ti + 8(ti-l)ti-(ti-l)(5-ti)t^) 
^1(^2 + 1)^3 


We also define 


3 + ti ^ (5 - tl)h 

Ui = - K, U2 = 12, M3 =- o- 

4 — 5 fi + tit 2 4 — 5 ti + fit2 

Then K{ti,t2.,h) = if( mi,M 2,M3) and -(33,(33, -I3 act on K{ui,U2,U3) by 
n* 2(5 - M2)(1 + Mf - M2) 

—(33 : Ml t—)■ Ml, M2 eA —M2, M3 hA -, 

U3 

(iii - i )(3 - 4 m + ui) _ (m + 1)(5 - U^)m 

^ 4 + 3«1 - 4 «.^ + «,«i ’ " ^ 4 + 3 m- 4 «| + m«i’ 

_ ' (m|-1)(3-4mi+m|) ' 2(M2-l)(l + Mf-Mi)(5-M^)^ 

^ ^ 4 + 3 mi — 4 m| + Mim| ’ (4 + 3 mi — 4 m| + MiM2)m3 


Dehne 


4 + 3Mi — 4m| + M 1 M 2 M2 — 1 (3 + M^Ms 

(m 2 + 1)(5-m|) ’ M 2 + 1’^^ (m 2 + 1)(4 + 3mi - 4m2 + M 1 M 2 ) 

Then K{xi,X2,X3)^ = i^(Mi,M2,M3) = i^(Mi,M2,M3) and -( 33 ,( 33 , -h act on ir(Mi,M2,M3) by 


/P* \ \ 

-/tg : Ml I-A —, M2 H- —, M3 I-A 


2 (m^ + M2 + 4 miM 2 + 3 m^M 2 + 3 m| + 4 mim| + vfv^ + v^) 


M1M2M3 


(6) /tg : Ml HA —, M2 ha —, M3 ha 

/II. /J 1_ /J1-^ 


-Jg : Ml HA —, M2 HA M2, M3 HA 


2 (mi + M2 + 4miM2 + 3miM2 + 3 m 5 + 4 mim| + m^mj + vf) 


We note that 


Dehne 


-h{v 3 ) = — ( 8m2(m2 + 1) + 2(1 + 3 M 2 + M2) ( Ml + 


m;i = -^miA-J,m;2 = -^mi--J,m ;3 = -. 
Then K{wi,W2,W3) = K(yi,V2,V3) and -(33,(33,-13 act on i^(M;i, m;2,m; 3) by 

-/^3 : 77 —-7> ^2 H- — 2 —- 7 , 


w, — Wo 


W 7 — Wo 


W3 HA 


tMi(l + tMi + wjy — (2 + 3wi + 4:wl + 2tMf)tM2 + {wi + 2)tM2 

(tMi + M; 2 )(M;f - wj)w 3 


a* . > ^2 

Pg : Mil HA —2-2’ "^2 ^ -2-2’ 

tMf — M;2 wf — W2 

—Jg : wi HA wi, W 2 HA —W 2 , 


{wi - W 2 ){wl - W^)' 


W3 HA 
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W 3 i-A 


wi(l + wi + wl)"^ — (2 + 3 wi + Awl + ‘^wl)wl + (wi + 2 )w 2 

W 3 


We may take K = k{\fd) with —l 3 {\fd) = —\/d. Define Wi = Wi, W 2 = W 2 /y/d- By Lemma 
13.121 we have K{xi,X 2 ,X 3 )^ = k{Vd){wi,W 2 ,W 3 )^~^^^ = k{X,Y,Wi,W 2 ) where 

- dY'^ = Wi(l + Wi + Wff - d{2 + 3Wi + 4W^ + 2W^)W^ + d\Wi + 2)W^. 

This completes the proof of Proposition 11.151 (1). □ 


Proof of ProposifAon \1.15[ (2). 

We consider the case where G = (^ 7 , 3,3 = (iL, —(A 3 ) — 1 S 4 . 

From Eqnation ([5]), we have K{xi,X 2 .,X 3 )^ = K{ui,U 2 ,U 3 Y~^^^ where K = k{\fd) and 

Q Hs Hs — ^2)(1 Y u\ — rtl) 

—(33 yd I —y —v d, Ui I —y ui, U2 ^—y —^ 2 ; U3 ^^-. 

U3 

Now we assnme that ^/E G k. 

Define 


Ui — rti, U2 



U3 

U 2 - V 5 


Then K{ui,U 2 ,U 3 ) = K{Ui, U 2 , U 3 ) and 

-/?3 : \/d ^ -Vd, Ui ^ Ui, U2 ^ f/2, U3 ^ ~ ^^2) _ 

03 

By Lemma[3T2l we get K{Ui, U 2 , f/3)<-^3> = k{X, Y, f/i, U 2 ) where X^-dY^ = 2(l + f/f-df/|). 
Hence Proposition 11.151 121 follows from Theorem 13.111 □ 


Proof of Proposition \ 1 . 15 [ ( 3 ). 

We consider the case where G = (^7,5,3 = (id, /33, —I3) — 1S4 x €2- 
By Equation ([ 6 ]), we have K{xi,X2,X3)^ = K{vi, 02,03). Define 

_ ui(u2-l) _ vl - 02 _ Aol{oi+ol)o 3 

(d - l)(ui-U 2 )’ (ti - l)(ni-Ta)’ (ui - n2)3(nin2 + 1) ’ 

It follows from 

Pi + P2 + 1 l + 2pi+pl-pl 

Pi + P2 - 1 l-2pi+pf-p^2 

2(3pi + p? + P 2 + pIp2 - P 1 P 2 - pDps 

= - 

(pi - P2 - i)2(-3pi + 3pi - p? + p| + P2 + 2piP2 + p?P2 - pi + pipi - 2p?pi - pi + pi) 

that iP(ni,n2,U3) = iF(pi,p2,P3) and 

(As: ^/ahp■ -y/a, \/6 H- \/6, pi H- -pi, p2 H- -p2, P3 i-t -P3, 


-/3 : y/a i-A y/a, Vb i-A -Vb, pi i-A pi, p2 -p2, 

-1 - 5p? - 7pi - (p? - pi)(3pi + 17pi) + 9(p? - pi)3 


P3 


P3 


where K = k{^/a, Vb). Define 


Pi = 


Pi 


P2 


a y/a\/b^ 


P3 = 


P3 


Then, by Lemma 13.121 we have K{xi,X 2 ,X 3 )‘^ = k{X,Y, Pi, P 2 ) and 

- bY^ = -i - 5P^ - 76P| - a{P^ - bP^){3P^ + 176P|) + 9a‘^{P^ - bP^)^. 
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This completes the proof of Proposition 11.151 (3). 


□ 


Proof of Proposition \1.15\ (f). 

We assume that \/^ G k. Take G = G 7 , 2,3 = (Pf, —h) — C^- 

By Equation (jl]), we have K{xi,X 2 ,X 3 )^ = K{si, S 2 , S 3 ). Define 

ti = 2 si, 

-Si — 7sf + 2siS2 + 2siS 2 + (1 + 5si + 2sf — S 2 — 3siS2)\/—3 


D — 


(si — 1)(1 — S2 + Si\/— 3 ) 


= 


4 (Si -f 1 )S 2 S 3 


,sf — 1)(1 — S2 -f Si\/— 3 ) 

Then K{xi,X2, xs)^ = K{si, S2, S3) = K{ti, t2, ts) because 
h 

4fi + 7t^ — 8^2 + 2t\t2 + (—8 — lOf^ — tf — 4:tit2 + t\t2 )\/—3 
2(4fi + fi — 4^2 + t\t2 — (4 + 3fi)\/—3) 

{t\ — 4)fif3(2 + fi\/—3) 

2(—4fi — + 8^2 — 2,fft2 + (8 + lOf^ + fi + 4fif2 — ^ 1 ^ 2 )^/ —3) 

The action of —I3 on K{ti,t2,t3) becomes 

{ti+mi-ti + i) 


S2 = 


S3 = 


ts 


— 13 : \/h e->■ —\/6, ti I—>■ —fi, ^2 '“t t2, ^3 eA 

where K = k{\/b). 

Now we also assume that \/—1 G k. Define 

Then K{ti,12,13) = K{ui,U2,U3) and 

T /T /7 buf — rtl +1 

—I 3 : VO eA —VO, Ui 1—)■ Mi, U2 e-)■ M2, U3 1—)■-. 

U 3 

By Lemma [ 3.121 we have K{ui,U2, M3)^“^®^ = k{X, Y, mi, M2) where — hY'^ = —bu\ + u\ — l. 
Hence K{xi, X2, xs)^^ = K{ui,U2,U3)^~^^'> = k{X,Y + mi,M 2) is fc-rational. □ 


Proof of Proposition \1.15\ (5). 

We assume that char k = 3. 

By Equation (jl]), we have K{xi,X 2 ,X 3 )^ = K{si, S 2 , S 3 ) where H = {T 3 , X 3 ,a 3 B) and 


—/?3 : Si I—)■ Si, S2 eA —, S3 I—)■ 

S2 

/?3 : Si I—)■ —Si, S2 S2, S3 I—)■ S3, 


-1 - S2 -f S 1 S 2 -f sfs2 - S 2 


S 2 S 3 


Dehne 


r* . 1 ^ —1 — S2 + S^S2 + S]^S2 — S2 

. Si I—)■ —Si, S2 •—)■ —, S3 HA -. 

S2 S2S3 


+ _ ^ _ (■S? “ - 1) ^ _ S3 

II — Si, 12 — - 7 -—-T-, 13 — 


Sl(s2 + 1) 


Sl(s2 -f 1) 


Then iP(si,S 2 ,S 3 ) = K(ti,t 2 ,t 3 ) and 


~/^3 ■ G HA tl, t 2 HA —t 2 , ts HA 


tt-n + i 
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I—)■ —ti, t2 HA —t2, ts I—)■ —tg, 

^2 _ ^2 _j_ 

—jg : ti I—)■ —ti, ^2 ^2, ts --7^-• 

ts 

Hence K{xi,X2,X3)'^'^’^'^ = K(ti,t2,t3)^~^^'^ and K{xi,X2,X3)‘^'^’^'^ = K{ti,t2,t3)^~^^'> are k- 
rational. For (^7,5,3 = —I3), we may take K = k{^/a, y/b) with | 3 s{^/a) = —/ 9 g(\/ 6 ) = 

Vb. Define Ti = T2 = y/at2, Tg = y/at^. Then iF(ti,^2,= fc(\/fe)(Ti,T2,Tg) and 

— I 3 ■ —\/&, Ti I—)■ —Ti, T 2 HA T 2 , Tg HA-^-. 

-L3 

By Lemma 13.121 we have iF(Ti,T2,= k{X,Y,Ui,U2) where Ui = Ti/y/b, U2 = T2 and 
- bY^ = -bUf + Ul - a. Hence T:(a;i, 0:2, = K{Ti, T2, Tg)<-^3> = Y + Ui, U2) 

is fc-rational. □ 


7. Proof of Theorem 11.161 

Write Ml = 0^<.<3 M2 = 0i<i<2 ^2/7 and k{M) = A:(a;i, 0:2, Tg, ?/i, 1/2). Then Ni = 
{a eG \ a{xi) = Xi {i = 1 , 2, 3 )} and N2 = {a e G \ a{yj) = yj (j = 1 , 2)}. 

By Theorem 11.61 without loss of generality, we may assume that M is a faithful G-lattice, 
i.e. N = {a eG\ a{xi) = Xi,a{yj) = yj {i = 1 , 2 , 3 , j = 1 , 2 )} = Xi n W = {!}• 

Step 1 . Case {G/N2,NiN2/N2) ^ (0^X2): (1^4,C2). 

We have k{M)^ = 77(1/1,1/2)'^'^^^ and G/N2 acts on 77 (//i,// 2 ) hy purely quasi-monomial k- 
automorphisms where K = /c(ti, T2, Tg)'^^ By Theorem 11.91 if (G/iV2, iVi^2/-^2) ^ X^X2)^ 
(1)4,C2), then k{M)^ = 77 (//i, 1/2)'^^^^ is 77 -rational. It follows from Theorem 11.51 that K is 
^-rational. Hence k{M) is /c-rational if {G/N2, N1N2/N2) 9^ (C4,C2), (1^4, C2). 


Step 2. Case {G/Ni, N 1 N 2 /N 1 ) ^ (Gy.yg, A), (0.7,3, C 2 x C 2 ) (j = 2,3,5). 

As in Step 1, we have k{M)^ = 77(ti,T 2 ,Tg)'^/'^^ and G/Ni acts on K{xi,X 2 ,X 3 ) by purely 
quasi-monomial /c-automorphisms where K = /c(//i, 1 / 2 )^^ It follows from Theorem 11.41 that 
K is 7-rational. Thus, by Theorem 11.141 if (G/Xi, X 1 X 2 /W) 9 ^ ( 0 , 7 ,fc, C 2 ), (G 4 j,a;, C 2 x C 2 ), 
(^7.7.3, *^ 4 ), (G7,7,3,C2 X C 2 ) (j = 2,3,5), then k{M)^ is 77-rational, and hence 7-rational. 

For the case where G/Ni = ^ 4 . 7 ,*;, the rationality does not depend on the (Q-conjugacy class 
by Theorem 11.141 Indeed, the actions of the groups which belong to 4th crystal system (I) and 
the groups which belong to 4th crystal system (H) on K{xi^ X 2 , T3)^°'4a) = K{zi, Z 2 , Z 3 ) coincide 
(see Case 1 in Subsection 14.2p . Hence we may assume that G/Ni belongs to the 4th crystal 
system (I) and Mi = Mij 0 Mi^2 where rank^Mi^i = 1 and rankaMi^2 = 2. Therefore, it 
follows from |HKK141 Proposition 5.2] that k{M)^ is fc-rational. 


Step 3. By Steps 1 and 2, the remaining cases that we should treat are (G/iVi, N 1 N 2 /N 1 ) ~ 
(^ 7 , 7 , 3 , *^4), (G 7 , 7 , 35 i ^2 X C 2 ) {j = 2,3,5) and {G/N 2 , N 1 N 2 /N 2 ) — (F45C2), (T 4 ,C 2 )- 

Note that N 1 N 2 /N 1 ~ N 2 and N 1 N 2 /N 2 — Ni because W fl W = {1}. Thus i^G = #G7,y3 x 
#iVi = ^G/N 2 X #^2 where Ni ~ C 2 and 0 — -^4 or C 2 x C 2 . Hence we see that only the 
cases where {G/Ni, N 2 ,G/N 2 , Ni) ~ (<^ 7 , 2 , 3 , x44, C 4 , C 2 ), (^ 7 , 3 . 3 , x44, C 4 , C 2 ) or (^ 7 . 5 . 3 , x4.4, T 4 , C 2 ) 
may occur. The last statement follows from Step 2 and Proposition 11.151 (5). □ 
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